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1 EMRFEBERT, TORED

1% locally small TH2 LT 5. BSITHLT, §=I[SP,Set] LiE<.
BCIZHLT, CONREPOMBZETRVWES S Cob(C) 2 C DNRDIE (a family of objects)
CIERZ LT 5. MR S IXERIZ, small RATH B S CC LH—HIN5.

£ 1.1.
e BF F:C — D W faithful TH B &1, EEDCDH f,g:c— ITHLT, F(f) =
Flg) ol f=ghdeEan>.
o F DMK {F;: C — D}ics W% jointly faithful TH 2 &k, [LED C D4 f,g: c — 1T
HUT, IRTDiel TF(f)=F(g) ThrHBolEf=gLhdeEr\ns.

{Fi}i ={F} ®& &%, {F} 7" jointly faithful TH % &3 F »* faithful THd &5 Z L.

EH-E 1.2. B C OXNRDOME S BERES (EENRDNE, a family of generators) TH 25
i, MOFMELRSEMZATEEEND ¢

(i) C DI g1,92: ¢ = dIZD2VWT, {EED s € S LEEDC DH f:s - c T LT
giof=goof WD DHSIE, g1 =go &0 5.

* T'witter:


https://twitter.com/paper3510mm

(i1) {Hom(s, —)}ses 1& jointly faithful TH 5.
(i) BEN:C > S;c Hom(—, ¢)|gop & faithful TH 5.

IHILCHRBER DL ERIRELFAETH S -

(iv) fEED c€ CITHLT, FEansstv:  []

seS, f: s—c

(V) EED ceCizxLT, C DEODIE {fz S; — C}ie[ TH-oT, s; €S MOFEI NS H
[1;si > cPTEGNTARD X500 DWBFET 5.

s> clIVHTHB.

Proof. EH5#@ASNE, EELTWSZ LIETART, (1) AEDDEWS 2L THS. O

Frz S ={G} WEREETH D L &, GIFERT (generator) THD L \WH. AFETIX, WR
D S BERESTHSHZ L%, S faithful TH B LRI 22T 5L

FR 1.3. &M (1) OX1E

(i") CDH g1,92: c > dIZDWVWT, g1 #£ g 720lE, HdseSE&CDOH f:5s—cPFHEL
Tgiof#gaofHHEYILD.

ZUT, SHENRONE (a family of separators) & HIEXNS [nLab, “ ”].

EE 1.4, &fF (i) OBF I, /£ Kan B TH 5 - AAHFE F: S CedhE, N:C— 8
It F Iz o 72Kk EEDAA y: S — S O Kan fEIETH 5.

IRIZ strong generator %K T 5.
£ 1.5.
o BT F: C — D 7' conservative TH 5 &%, F WHEEGZKHT 2, THhbLMLEDC
DHF fre—= TR UT F(f) BRBHZSIE f EABHNTHEEEEZ WD,
o BF DN {F;: C — D}icr H* jointly conservative TH D & 1&, EEDC DI f:c— ¢
W LT, IRTDiel TF/(f) PAEFTHELROIE fHRAEFTHDLLEENS.

{F;}; ={F} ot &lX, {F} » jointly conservative T % &% F »* conservative TH 25 &\
52 k.

£ 1.6. B C Do v:¢c — d » extremal TEH TH B L1k, TEHTH > T, LEDIHE
Yy=mogZH LT mME/FROIEm PRMHFIZLEEEE2 NS,

L ZNEIREUIE [Yua] 2SWMALAEZBDOED, —ATIEAVWI &ICER. oM oBRELR IR TTS
BN H 5.
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R 1.7. B CIZBWVWT, v:c— dPWE/HHD extremal TEHTH 272 51X, ~ IZFABH T
H5.

Proof. v D€ /I h D extremal TEHITH 2 L &, i v =~void. "H 5D 5, extremal TE
HOEHELD v XA 5. O

E&H-mE 1.8. B C ONRDNE S MR ENES (BEMRNRDWE, a family of strong genera-
tors) TH 5 &1, ROFEMELRFEMEEZAZTLEEZNS

(i) S & faithful TH->T, 2, COE/H m:ia — dIZO20WT, fEED s € S &4
h:s = dIZHUThHAmERHLUTHRT 201K, m IZAEHNTHS.
(ii) {Hom(s, —)}ses & jointly faithful 7*D jointly conservative T 5.
(iii) BIF N: C - 8;¢ — Hom(—, ¢)| gop 1& faithful 2> conservative TH 5.

IHILCHRBER DL ZRIREBEMHETDH S :

(iv) FED ce CIZH LT, FEINDH .- H s — ¢l extremal TEHTH 5.

SES, f: s—c

Proof. (ii) < (iii): Hom(s, f) = fo—=N(f)(s) &9
Vs e S, Hom(s, f) X% <— N(f) &R

LIRBIEMMOHRES.

(i) = (ii): £9 S A faithful 255 {Hom(s, —)}ses & jointly faithful TH 2. C DI f: c —

dIZHULT,

Vse S, Hom(s,f)=fo—: Hom(s,c) — Hom(s,d) I&[F%H
ThdLT5. ZOLEseSEHth:s—dizD0WT, Hom(s, f) DLHFHMELD h=fog &
75 g s = cP—RBIGFHETHILICERETS. fIIABTHE I 2 R_ T, ME 1.7 &0
f D extremal TEHPDOE/HTHSE Z & E2REIT L.

FT u,v:d =yl LU Tuof=vofAEHD2LT5. LEDsecS L h:s—cllDNT
uoh=uofog =vofog =voh &%506, SHEMEATHLILIZLD u=vD2ES.
o T fIFTEHTHS.

WIZfFRE/ B mia—dZ2BUT f=mog NfRLZETEH. ZOLELEEDsc S L4
his—dloWThiBh=fog —mo(gog) LMRTBHS, (5 () &b m RFEBHEC S
5. £o7T flextremal TEHTH 5.

BEIZu,v:x = clZNUT fou=fouDKDIDLT b, FREDseS &4 h:s—dIiZD
WT, fo(uoh)= fo(voh) T®YH, Hom(s, f) DHEFMNS uoh=voh HEDID. £oT
SHERELETHDI S u=0v PRV, fIFE/ Heis.

(i) = (i): {Hom(s, —)}ses ¥ jointly faithful TH 2 Z &h 5 S i faithful THB. m: a—d
EE/HTEL, TEDse S h:s 5> dIZRNLUThIEmZBELUTAHMRTELTE. ZOLE



TRTD s e SIZDOVWT mo —: Hom(s,a) — Hom(s,d) WEHEHTHD I L E2RLIZL.

EFT mIXE/HENS, mo— IFHFHTHS. IITEED h € Home(s,d) t& m %@ U THR
TE505 mo— F2HTHS.

(i) & (iv): EFEPrOTITDON5. O

Kz S = {G} WREFREETH D L &, GIIEHRAEMT (strong generator) TH S LW, Kk
Tk, WNROME S WEERESTHL I L%, Sidstrong THBEIERZ LI12T 52,
B S22, RO S 123 LT S 2 strong 72 5 1F faithful TH 5.

EE 1.9, EE 18 DEM (v) ITBWT, FEI N4 v, 2 extremal TERHTH D D705, i#
KA S 1T “a family of extremal generators” £ FERXRE T 5. FEEE, “a family of strong
generators” DX IRT BN E “strong epimorphism” 72 2 BERITBNTFET 2 ([HoCA1] T, 7.
M strong epi. &R NROMGEEBAERESLEHZL TS, B C » pullback 227456, Zh
S I FEMEZRBERIZ 2 5).

UL2L, AMTREHIZO- D, &K 1.8 2l ENEGOERITERAL .

Z 2T, CHequalizer & H DEEITIRAERESDEEDN S jointly faithful 2 EEHZ &
ZMERT 5.

R 1.10. [F F: C — D 7 conservative TH B & &, F IZEET SR - KGR 2 [ 5
I 5.

Proof. REGEFRIZH U TR, small 2 J I LT JBORMREL C,D ITFIEL, FldInz
o &9 5. C TD cocone {f] C; — C}jEJ C:f(ﬂ’b’C, {F(f]) F(C]) — F(C)}jeJ KD TD
colimit cocone TH 5 &3 5. 4 colim; ¢; WHIET 205

Cj \
colim; ¢; 51 ¢

REPN—RUTFET S, ZOMA%E F T D3 & cocone &G4 F(colim; ¢;) — F(c)
PRoNnd. F PRIBR colimjc; 2f_H, —F {F(¢;) — F(c)}; »* colimit cocone TH5 Z &
o, ZO/ONS F(colim;¢j) — F(e) BABH THS. K> T F A conservative TH 5 Z
L5, colimje; = ¢ A TH Y, LadioT FIFMRET 2RI E KT 5. MROEE
HLERTH 5. n

% 1.11. Conservative Z2BF F: C — D IZX LT, C »¥ equalizer & U < I coequalizer % £f
L, FRZENSEHEDRS, F X faithful TH 5.

2 INEARBETOHETH .



Proof. C D4t f.g: ¢ > dIZDWT F(f)=F(g) THd&d 5. HlZIXC D coequalizer % D
L9 5L f,g D coequalizer

f
c . § d—— e
BENS., FldZhzE o056

F(e) # F(d) — F(e)

¥ coequalizer £72%. ZZ T F(f)=F(g) 7216 F(d) = Fl(e) l&AEH & 720, F A% conser-
vative THBZ D6 d— c BRABGIZHRS. EoT f=9g &5, equalizer DEEBHFEKTH
5. O

% 1.12. B C 2 equalizer ZFD & &, WROME S IZH LT, WIZFAMTH 5.

(i) S I& strong TH 5.
(ii) {Hom(s, —)}ses & jointly conservative TH 5.
(iii) BIF N: C — 8 & conservative Th 5.

Proof. Hom BF Hom(s, —) IZ T X TOMRZLLDD S, C D equalizer HLRD. K> THR 1.11
FORES. O

FE 1.13. 2V TVWOEMANRBITERMBRZEFDOZ 205, 5% 1.12 OFEMERSMEHDE D LD,
ZDZ s, FR 112 OFM (i) % (i) Z2BERESGOE#RL UTEHHATIALZ .

ST, ERES CHMEREADVEEIZR GG 2 RTALD.
i 1.14. BF F: C — D A faithful 251, FIZE/ & T V%2 KT 5.

Proof. C D% f:c — dIZHLT, F(f) "E/H{HTHDLT5. COFf u,v:z — clZDVWT
fou=fovThHodLTBL, F(f)oF(u) =F(f)oF(v) £%%. 5 F(f) €/ HEZho
F(u) = F(v) £7%0, F I3 faithful 225 u = v B0 1D, k>C f HE/ HTHS. TUH
DEGBELFAKTH . O

EF 1.15. B C 2V (balanced) TH 2 & 1%, FEEDSH fIZH LT fBAE/ HPDTEH A
SIEFAESIZR D L T2 NS,

i Z VX7 — )V balanced TH 5.

& 1.16. F:C —>D #HFL L, Cldbalanced THB LT 5. ZDL & F i faithful 725
¥, conservative TH 5.

Proof. C DSt fIZ6 LT F(f) BRABHTHZ T2 L, F(f) ZE/ HIPOIVHTHS. F ik

5



faithful 72225, @@ 1.14 &0 fEE/H» DT L7 5. C I balanced 72705 f IXFRIEIST
Hb. O

% 1.17. BB C 7 balanced 72 & &, WROE S IZH LT
S & faithful TH 5 <= S i strong TH D
NP LBVASH
Proof. fitid 1.16 X D HES. O]
O 9 9

FEASIIALRE C = Mod(R) D& 2 R8I, WABAL LS.

T 1.18. REEMZIE C ONROME S WRIEKES (a family of presenting generators)™* T
HoHLIE, EHED ceCHBLVATH ], s; = [ si (8155 € 9) D coequalizer TRED & &
20D, T8y & [ s PRIOHEIE, —iCs; — s EWOIHPSHEEINE LD LI
RS ZRWZ LR &.

Kz S = {G} BREEREATH D L &, G IFRIVERT (presenting generator) TH 2 &\
5. AT, HROW S HPREERESETHLZ L%, S presenting TH D LIERZ L2IZT
%",

#l 21X, R X Mod(R) ® presenting generator TH 5.

i 1.19. B C PR7EMH AL &, WROK S ITHLT,
S & presenting Th b =— S (L strong THD = S & faithful TH 5
NS ARVASR

Proof. S 7 presenting ® & ¥ faithful TH 5 Z &%, EZENSIHS D,
S 7% presenting 72 5 F strong TH B Z L2 R%E S, ZD7HIT1E {Hom(s, —)}ses & jointly
conservative Th 2 Z L ZREIXEWV. 22T, COHw:d—d IZHLT

w A S-is0. : <= FTRTD s € SIZHL wo—: Hom(s,d) — Hom(s,d") H3FH

LEFKT S, W = {S-iso. morphisms} & BT, RITREZ LI W =1Iso(C) LFMETH 5.
ceClzxLT

¢ H* W-local
ie= TRTD (w:d—d)eWIZHL wo—: Hom(c,d) — Hom(c,d") H[FEL

3 ZofRb [Yua] BSRALTWSD, —MlRs O TIEARNI LITER
*Ihb, ARETOHETHS.



CEDDBH L E, W-local XA RDORMMERIE F 7~ W-local 1272 5.

) e € CITNUT e=colim;¢j (¢j 1& W-local) TH 5 LT 5. {FED (w:d—d)eWIZ
XUT, ¢ & W-local 7205

Hom(c;,w): Hom(cj,d) — Hom(c;,d")
FREHTH L. ZOMRE L ST
1ijm Hom(c;j, w): 1ijm Hom(cj,d) — Ii]m Hom(c;,d")
b A & 725 2%, lim; Hom(c;, d) = Hom(colim; ¢;, d) % H 31X, Hom(colim; ¢, w) =
Hom(c,w) BAEITH 2 Z e obndb. £o5Tcd W-local TH 5.

W DEZPSTARTD s € S ik W-local Thb. Lo TS D presenting THZZ 056 C DY
RTOHNEN W-local £725. Th&D, FED (w:d—d)eWIZHLT, §RXRTDcelC T
Hom(c,w) MBS & 720, REOFHED S w HFBHIZZRE. ULizh>TW =1Iso(C) W,
S & strong TH 5. O

E#&F 1.20. B C D& v: ¢ —» d PEAIZ ES (regular epimorphism) TH % &1, & % 4t
frg: b= cHPFELT

b # c——=d
7 coequalizer (2725 2 E&2 WS, HSMIZIEAI TR IZTEH TH 5.
i 1.21. EC DT EHDPIRTENTEHTHL L &, HROBESITHLT
S & faithful Tdh b <= S I presenting TH 5
LNDBVASH
Proof. S 78 faithful TH 2 L35, FHED ce CITNLT, EX 12X0HB s, € S &
Yei 1L si = ¢ BMFAET 5. 22T EIER T CHNITR 55 5, coequalizer
d ? [Lsi ——c
PFET S, dICHUTEZER 740 [[;s; = d (s; €5) BNT, Zore

foya e
e L ¢

1% coequalizer (2722 Z & D30 5. Ko T S X presenting TH 5. O]



2 IMEBTOERMF
9, FEOYV—REOXIRTIZERES L ERTFOELEITITENDRNT & 2 ERT 5.

i 2.1, P CIIRMEBNR 0 2HOL 5. ZOL SWIFAETH 2.

(i) ClEmEAZRD.
(ii) C I generator % FfD.

Proof. (ii) = (i): B 5.

G::HSi
LiE<. G D generator THDZ L ZRED. C DY g1,92: ¢ — dIZTH LT

Vh:G—¢, gioh=gy0h

ThdLd5. ZOEielk fisi—>clZHUT, girof =goof DD,

) %‘] € [T L ThH )\ji S5 —c%

LEDD L, REOEEMED S

BRBHN: G =155 = cPHET S, 2ITo; BRMOBEHENLZHTHS. 5 giol=
G oADK D Lo TWVWED 6,

giof=gioNi=gioloo;=gaoloo;=ga0); =goof

AR

FOoTSWEREEGTHLIENS, g1 = go DK D LD, L72H 5T G i generator TH 2. [

7 — VB X balanced B TH > T, IRTCOIZVEHNEAM T EEHIZR D05, IRAEKD L.

B PRI ENEOFEERE LD, TARTO Hom EHEADETRWI L2 ERTEEITHLTH S.



R 2.2, 7T — NV C OXRDE S 123 LT
S & faithful TH 5 <= S i strong TH 3
MDD, I 612 C DREMRS

S & faithful ThH 5 <= S ld strong THD < S I& presenting TdH %

LN BVASH
Proof. % 1.17 &4 1.21 K O{RES. O
3 fl

7l 3.1.

(i) EEDE Set IZHWT, —rRES 1 = {x} € Set I presenting/strong/faithful generator
Th 5. Set DT YR IZTNTHATL G (split epimorphism) & 720, KHZER]T CHHIZ
BREMHTHS.

(i) N WE C LOHEEC izB\WT, XEAREEFOREED % T %EAIE present-
ing/strong/faithful T 5.

(iii) BR L ONIEEE Mod(R) 125 \WT, R € Mod(R) & presenting/strong/faithful generator
Th5.
(iv) #EDE Grp IZHBWT, Z € Grp & strong/faithful generator T®H 5.

(v) FiFHZEM D Top I2BWT, —xri%E# 1 € Top & faithful T# %23, strong generator T

ESANTAN
(vi) 2 > %2 b Hausdorff %% @ P& cptHaus (285 W T, — %M 1 € cptHaus &
strong/faithful generator T 5.

ERREA DFAEIE, —HOBEO/NE X (smallness) Z{RFET2HDTH 5.

i 3.2 ([HoCAl, Proposition 4.5.15]). A7 C BWiEElEE 2R >R 51, C i
well-powered TH 5, THRHODLIRTONRE X e CIZH LT X OEONRDRT I T AITE
BTH5.

BIZIELT DO LS EHPERTERINS
ok BE R T e 3
Grothendieck 7 — )L

locally presentable category
Giraud (Z & % Grothendieck R ZDKHEHD 1S



£ 3.3. Grothendieck 7—_VEEIE, 7—ILVE A TH->T

o AIIRFEMTH D
o filtered colimit Z X2 EATFIIEETH 5

e generator % ffD

EAZTEDODI L.

EE 3.4. locally small 72 C %' locally finitely presentable T®H % & I,

o CIIREMTH D
o AIRFRIAGRD o WD ERES 2RO

EALTEEEND.

0 —RIZIERI S o 12X U T locally a-presentable category 3% #% X 15 . Grothendieck
T —=NI)VEIEX, 5 a lZ 2T locally a-presentable TH 5 Z L AH SN TW5B. KT,
Grothendieck 7 — ~NJVPE D generator AR F/RTH 57 5, locally finitely presentable (Z
5.

5l 3.5.
(i) 38 R LOMEEE Mod(R) 1%, R % generator (Z£fD locally finitely presentable 7%
Grothendieck 7 —~XIVETH 5.
(i) B8 R EOMBEOREEARDE Ch(R) 1%, {D(R)[n]|}nez & EHREAIZFED & 5 7 locally
finitely presentable 72 Grothendieck 7 —X)VETH 5. T T D(R) %, 0ik& —11X
DI R 255D & 5 2k

idgr

DR): -++—-0—-R—R—-0—---

THY, [n| I3EEDY T VHAFTHS.

S 3R
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