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0 EL®IC

ETVELE, REPE—GREHMRNAT 00O ATH 2. E7VEIX, (MHZEMO
ARE ME—FRICBWTHWSNL T W fibration, cofibration, weak equivalence % N3 % 2
T, Quillen [Qui67] IZ X > THIHTEAI Nz, FETIE, Quillen [Qui67] I2X 24V I F LD
LD LD M NERIRA S EDLAL TV 3.

HAINLEE» OO R L5112, HEEOEICE T LVEORMIENSAS. thoeTF L EDE
e UTid, BENESOESMEFEOERDOELRE DD 5. BT A% ETVEOMEIE—kic—
BETREERL, BXVWERE M —@HICEDE TR EFLVERERHRET I2VENRD 5.

AFTIE, Quillen 12 & 2 ETNVEOHE RS 5. BEmOBEARNLAFIIE T 5.

1 BT, BAFNR@ELHOY 7 MEEIZOWT, BEAHRIEZHEET 5.

2ETIX, EFNVEROERE BN TS, EFLENMZEh, DL RERLRO1E
HD720iuE, ZoBEFTHDIFEIVERS.

3ETIE, EFAVEOHTHIRWVR TV cofibrantly generated 2 E T VEZKS. EH LETH
N5ETILVEDZ S 1X cofibrantly generated TH 5.

4 FETIE, PARREAVCIEETVEOERDE VIR ZHENT 5.

5T, ETNVEOBIZENT 5.

A7 3k & LT, Dwyer-Spalinski [DS95] % Goerss-Schemmerhorn [GS07] (&€ 7 LE D
M2 X7 MIZE Do TWT, DRrDRITWV. KD Lohb e ERTE, Hovey [Hov99)
% Hirschhorn [Hir03, Part 2] % May-Ponto [MP12, Part 4] % Lurie [Lur09, A.2, A.3] 2 &
H%. B X 7z Balchin [Bal2l] TlX, Z< DETLVEOFIDHEAIN TN S.



1 BFNS#EC) 7 MEE

X T XT locally small TH2 &35, FBFDI I 2% [so KT

1.1 BFMER
EE 1.1. EC o5 0E Arr(C) 213,

o Arr(C) DXRIE, COGF f: X - X' TH 3
e Arr(C) DMR (f: X — X)) 25 (¢:Y - YY) Noftelx, COHNELE X Y &
E: X" =Y oMl (k,k') TH->T

X —Y

A

X — Y’

OS2 DTH S

ERhBEORBEOZ L.

OB Arr(C) &, FA A Y2 Z8F dom: Arr(C) — C a2 X4 Y2 W5HEF
cod: Arr(C) — C ZHRIFD. $ROBENR (f: X - X') € Arr(C) IZH L dom f = X,
cod f=X' 2L, (f: X = X') 2B (g: Y = V') ~OH (k,K): f — ¢ L dom(k, k') = k,
cod(k, k') = k' &3 2X)51%, BF dom,cod ZED 5.

E&E 1.2. CxBEr3%. BF o,B8: Arr(C) — Arr(C) D#fl (o, B) DEFHID#E (functorial
factorization) TH % 213,

(i) dom = domoq, codoa = domof, codof = cod

(i) EEDE (f: X — X') € Arr(C) IS LT f = B(f) o alf)

DEDIUDE ZFZWVS.

AR 1.3. DX VBEFIRE (o, 8) DD 2L, FT f: X - X' 1ZDWVT

f

o~

coda(f) = dom 5(f)

X X'




EWSEHNRD Y, AR

R LT

X Y coda(f) = doma(f) — 2P x

\
kJ/ cod a(k,k")=dom B(k,k") J/k'

1
y 29, cod a(g) = dom (g) _ P9y

75N AE NS, 728 [Hovd9] TOBEFHIZMOERTIE, &M (i) LrErATW
WDy, ZAUTIE cofibrant replacement BFZ2ERT 5 & ZIIA T TH D, [Hovls| TETIE
DREINTWS.

1.2 HOUT MEE

E&E 14. BCOHi: A—> B, p: X 5> Y IZ2O0WT, i B pICALTEY 7 FEZIFD (have
the left lifting property with respect to p), 72WL p 23 i ICEALTHD 7 MEZEFD (have the
right lifting property with respect to i) &%, EEOIMAIO AT

A——

T, x
2
zl h . lp

BT>Y

LT f=hoi, g=poh &Rkd5 h:B - X BPHFEEITDIEXEWVS. ZOh%EUT L
(Lift) EMER. i D p BALTEY 7 MExRFIOZ 2 %,

1Ap

EWVIFEBETRIZLIZT .
Eb—f&iz, #0752 M,N Cmor(C) TMLT, MMBNIZELTEY 7 MEZFD, 7
WLN D MEZBELTEY 7 MEZFO X, FEDie M & pe NI LT ildp 23D 37

DEYERNS., TDOIrEIE
MOAN

TET.



COHDI A MITHLT, MICBELTEY 7 MEEHOHOEE D% LLP(M), M2
BILTHY 7 MEREOHOEE D% RLP(M) 2D 5. TabS

LLP(M) :={f € mor(C) | fIE MWL TLEY 7 bMEZFD } = {f € mor(C) | fUM]},
RLP(M) :={f € mor(C) | fIZF ML THY 7 MEZEED } = {f € mor(C) | MUA [}

LIEDD.
i 1.5. BCOHDITA MN 2EZS. TDE ZRBPD LD,

(i) M C LLP(RLP(M)), M C RLP(LLP(M)).
(i) M CN ®¥ %, RLP(M) D RLP(N), LLP(M) D LLP(N\).
(iii) RLP(M) = RLP(LLP(RLP(M))), LLP(M) = LLP(RLP(LLP(M))).

Proof. (i), (ii): EFR X DS 2.

(iii): (i) £b M C LLP(RLP(M)) T& 375, (i) £b RLP(M) D RLP(LLP(RLP(M)))
TH%. —7# RLP(M) ¥ LT (i) £ b RLP(M) C RLP(LLP(RLP(M))) Th 3. £-T
RLP(M) = RLP(LLP(RLP(M))) 5% 3. 0

R 1.6. BICOH f: X - YV ITHLT,

fAf < fIXFTG.

Proof. (=): fAf &b, KA

LT, gof=idy 2D fog=idy €22 E57%2V7bg:Y - X BMFETS. T g
fOWHTHEZLEEKL, XoT fIXAMHNTHS.
(<): fRAAGTHZ T 5. EEORHFX

WHLT, h=uof ' 2ELL
sof=u, fos=fouofl=vofof =y

DD H, hHBV T M THEZehbhrd. koT fUAfHEDILD. O



i 1.6 DREAR SIS 2 £ 512, FAAGHIEROHICELTEY 7 MEr Y 7 MEZRD.
| & 1.7. B CiZBWT, Iso = LLP(mor(C)) = RLP(mor(C)) 23 D iZD.

Proof. Iso C LLP(mor(C)) T®» % Z &3S 2. f € LLP(mor(C)) ZH2 & fILAf DD 3D
T RhEZS, fME 16 XD felodbhrd. O

EE LS. BECOHfF X > X, g: Y Y IZO0WT, fBRgDLEZTF (retract) TH 3
X, Arr(C) DG E LT fh3 g Dretract THZ L Zx2W0S. ThRDL, COHi: X =Y,
X =Y, Y X, r: Y -5 X' DBEELT

idx
/\
X Ly 3 X

A

X Ly X
\_/

id s

DHHNIC 2 L Z 2 WS,

#E 1.9 BCOoWf: X > X', g:Y Y IZ20WT f 2 g D retract TH S & %, g »FEE
FaolX fHFAMEHNTH 2. THDBREND I Z X Iso & retract TEAL 5.

Proof. fli% g DHTH 206, AR

X~y "5 X
| ls |#
X’ Y’ y X/

THoTroi=idy,r'oi =idy £ DDONRFETE. ZDrEk=rog loi tBFZX

1

fok;:forog_loi':r’ogog_ o0i =1 0i =idx

k;of:rog_loi'of:rog_logoiZTOi:idX
EREDE, fHEBSTH 5. ]

&8 1.10 (Retract Argument). DD f = poi IZDWT, f2pIBLTEY 7 MEZH
D&, flXidDretract THD. WIS, fHAICEALTHY 7 vVEERRSEE, fidpD
retract TH 5.



Proof. f:poi:Ai>B£>C'23'Z). fRpBEALTEY 7 MEZEoO e &, Al

DHHICT2 2000, fl3i D retract THS. FRRIC, f2 i BALTHY 7 MEERRO L X fid
p D retract 1272 5. O

Sz 2 MICBLTY 7 MEEZFOHND 2 Z X LLP(M),RLP(M) IZ2WT, W DM
JROIDOZ 2R 5. XDFEL I 3] HiCHERT 5.

| &7 1.11. B C oH DI 72 M izxt LT, LLP(M),RLP(M) IZARKTEHL 5.

Proof. LLP(M) #GHKCHIL 5 2 L 27T, RLP(M) ICBELCHAMTHS. MICBLTE
V7 EERRDO f1A—- Bt g:B—CIZXLT, gof BMEED M DG p: X — Y ITBHL T
V7 MERRO 2 2R T AU K. AlH#ExEC

A—F X
fl
B (%) lp
9l
CT>Y

ZEZD. fl3pe MIBLTEY 7 MEZFOD S, AR

A—F o x

fl lp

BT>CT>Y

WHLTYVZ MK B— X DPFETS. EHIZgdbpe MIBEALTEY 7 MEZFOD S, A
3



KHLTY 7 b h: C— X BEET S, DL E L DAHER (x) DU 7 FERD, gofldpic
BILTAY 7 MEERD. XoT LLP(M) Z&RTHL 3. O

i 1.12. REZFHOBE C DD 72 MITH LT, LLP(M) ZRBETHAL 5. FAkkcCHEL
FioBE C oD s 7 2 MITH LT, RLP(M) I3ETHU 5.

Proof. fEZFOE C IZBWT LLP(M) 2RETHL % Z £ 72U /RT. RLP(M) O5E&E DA
ThHd. fi: Ay = B2z MIZBELTEY 7 MERRoHe T E, [, fi: [, A =1, B:»
FEO M D& p: X - YV L TEY 7 MEZRO Z e 2R TIUI XV, Al

Lr]| (v P

EEZD. REOBMENLH Y in;, TRILE, FilZO0WT fildpe MITBELTEY 7 MME%R
Fonrs, nrfx=X .

Lol

WKXLTYZ b hi: By = X DFET 5. EoICHRBEOHEECED

X
h; ih

L B8 e [, Bi — X D ECHET 5. oL %
pohoin; =poh; =k’ oin;,

hOHiniHiZhOiniofiZhiOfi:k:oini

7

THHHORMOMEEE D poh =K, holl, fi = k AMDILH, h HAHEKR (x) DV 7 b L
5%, koT[Lfi @ MIBELTEY 7 MERRL, LLP(M) BRETHL 5. O

#ae8 1.13. pushout 22O C Do D7 7 2 M iZxf LT, LLP(M) & pushout TEAL %. [A
BRI pullback 25D C DFF D7 7 2 M IR LT, RLP(M) & pullback TEHU 5.

Proof. pushout Z+§2E C 1I2HWT LLP(M) 3 pushout TEAL % Z & 72137R¥. RLP(M) ®
BEbAETHS. f: A—> B MIEALTEY 7 MEZEOHE L,

A—25C

Ll

BﬁD

9



% pushout I 35, ZOLZX gNEEDO M DGt p: X - YV ITBEHLTEY 7 MMEZRFOZ &
ZHERRTAUT K. AT

PR o
“<<T><

)

ok
(*)
k/

ZEZD. flIpe MIZBLTEY 7 MEZFOH S, AJHXK

A0k, x

A

B — D — Y
WXLTYZ K" B— X BFEET 5. Z 51 pushout OFEMHEIZ LD

A—sC
A

B—'%D

k,,

BB h: D— X B—EBNCHFETS. Ot
pohot=pok”" =k ot, pohog=pok=Fkog

TH 275 pushout DEBELD poh =k DL H, h BAMHERK (x) DV 7 Feixd. Lo
TglEMIBELTEY 7 MEZHEH, LLP(M) & pushout TR 5. O

| f8 1.14. B C OHH D7 72 M T LT, LLP(M),RLP(M) & retract TEHU 5.

Proof. LLP(M) %3 retract TEAL % Z £ 721373, RLP(M) ICBIL THRERTH 5. MITBHL
TEV 7 VMERFFD g: B— B IIHLT, f: A— A 23 g D retract TH %, DF h AR

ida

— L, T
B

A A

| ls |1

A BN
\_/

id 4/

PEETDZETE. ZOLE fRTEEOMOG p: X - Y IKELTEY 7 MEEFOZ & 21
By kv, A

A+
(*)

A ——
k/

&H
"<<T><

10



HEZRD. gldpe MIZEALTEY 7 MEERFOD 5, ALK

B—"s At Xx

I S

B —— A ——Y
T k

WHLTYZ b h: B — X BFETS. 2O & hoi': A/ — X ITOW\WT
(hoi'Yof=hogoi=koroi=k, po(hoi)=Fkor' oi =k

B OLE, hot AKX (x) DV 7 b k2. XoT fldplBLTEY 7 MEZES,
LLP(M) & retract TEAL 3. O
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2 ETIEGROER

ETFNVEORMRE RIS 5. [DS95] & [Hov99, Ch. 1] #5FI1C L.

21 ETIE

E& 2.1. B C LoETIVEWEE (model category structure) ¥ 1%,
=508 02 52 W, Cof, Fib ®#l (W, Cof, Fib)
THoT

(MC1) (2-out-of-3) C 08t X LV & Z 1200, f,9,9f D5 b_onBAMTHZ L %,
5 =D FEETH 5

[(MC2) (Retracts) W, Cof, Fib & retract TEAL 2. $72D5E C Dt f,g iTDWT f23g D
retract TH 2 L %, g€ W/Cof/Fib 7251% f € W/Cof /Fib TH %

(MC3) (Liftings) Cof 13 Fib N W IZBIL T/ Y 7 MEZEH5, Cof N\ W 13 Fib KB LTEY 7
MERED

[(MC4) (Factorization) C DEE DG f 12 LT, i € Cof ¥ pe FIbNWIZK 20 f=poi

BIY, icCofNW Y peFibICX20M# f=poi BTEET S

AT EEEZVD.

FRz (MCL) &b WIEERTHTL 2. %211 £XR 2.131ZBWVT,
W & Cof & Fib 23RS 2 & AEMTHL %

RS 5.

AR 2.2. B C LoEFLERE (W, Cof, Fib) 1I22WT,

W BT 241 % 8REME (weak equivalence) ¥ ML, FiH 5 TRT.
Cof BT 251 % cofibration ¥ WU, L5 — TET.
Fib IZJE$ 241 % fibration ¥ M0, L5 — THT.

o Cof "W IZIBF 241 % acyclic cofibration (£7213 trivial cofibration) ¥W-IX, 28 <
THRT.

o FibNW IZJBF 24 % acyclic fibration (F721% trivial fibration) LWL, TE S T
x7.

12



EE 2.3. 8 C LOBTNIREROETIVERME L3,

o C LOETNLVERE (W, Cof, Fib)
o MFHIIE (o, B), (/,0)

DHTH > T

MC4’) (Functorial Factorization) C DERE DG f 1 LT, a(f) € Cof 22 (f) € FibNnW
BEY, o/(f) € Cot NW » B(f) € Fib £ %3
BHTEERWVS.

E& 2.4. T IVE (model category) ¥1&, &7 NVEREE%Z i 2 7= ARR5EH OB RRIE 672 B
DIrEVI. ETNVEDETNEMEDETIDBEROL &, TOETNVEIBETFNIHE

Horwo,

ZOEKTOETNVENIARENIZ Quillen IZX > TEAZINZDDTHD, Quillen model
category EFERZ b H 5.

AR 2.5, (1) EFVERECE, EUCD2OBFNNREROILEZRET LI HZ 0.
ARG TIE BT TER L /2.
(ii) FAETLENCIE, EU D OEMEL REMEERIRET 22520, 7 LVEDOE
% BB % 7- DI e ME B X ORI £ TRBETII R W, ARTIIHRTE
Rt - BRRIFEMIELZ T 2IET 5.

ETVE C BARRTEMOPOERTIHTDH 2 DT, FHZZENKXORMER - MR e LT, mxfR
(initial object) @ LHEXR (terminal object) x ZHfD.

& 2.6. CEETNLEE TS, MR X cCIlZOWT, X 2 cofibrant TH 3 21X, WBHR2S
D—EWRH & — X 23 cofibration TH B & ZZ2 WS, Fi X 2 fibrant TH 3 &1, HENR
AND—EWH X — « 23 fibration TH 2B L EE WV,

Bl 2.7. BRSERD»OHRRTE %M C 120 LT
W =1Is0(C), Cof = Fib = mor(C)

35y, HEC LOETVEMEZED S, 351 TARBEFNOBELRS. ChrEH
BETIVEREE (trivial model structure) & FE.

Bl 2.8. C,D#ET LT3, HECxDIKBWVWT, 4 (f,9) € mor(C x D) »55[H
fiE/cofibration/fibration TH 2 Z & %, f,g BZHZN C,D D55[FEHE/cofibration/fibration
THHILIWCE-oTERT DL, ZICxD Lo VEELZEDS. ChERETIVE

13



I (product model structure) ¥ FES.
FIBRICE TV DR {C;}jes WM U THIE [[;C; RICETVERMEDES 5.

i 2.9. EFILECITHLT,
WP =W, Cof°® =Fib, Fib°® = Cof

55k, (WP Cof? Fib°P) 1X C? LoEFLVEMELZEDS. ZhrRINETIVEIEE
(opposite model structure) & FESN.

R E T VEIOFEDR S, ETIVENCET 28I O W T FEHAEICTE 2 Z b d.
ETNVEOEARNIZNEE RS 5.

8 2.10. CEETLEETS. COH f: X = Y ITOWTRHHD LD,

(i) f 23 cofibration TH 25 Z &%, f 23T XTD acyclic fibration 2B L TEY 7 MEZ
DI eFAfETHS. T74bbH Cof = LLP(FibNW) 23K H 37D,

(ii) f 2% acyclic cofibration TH 2 Z kX, f 23T TOD fibration IZBLTEY 7 MEZH
DI rEfETHS. THhbHE Cof NW = LLP(Fib) 236 D 37 D.

(iii) f 2% fibration TH 3 Z 1%, f 3TN TD acyclic cofibration IZBLTHY 7 b E%EFE
DI rAMETHS. T7bbH Fib = RLP(Cof N W) A3 D 37D.

(iv) f 2% acyclic fibration TH % Z &1, f DT XTD cofibration WL THYV 7 MEZH
Sy YAMTHB. FhbB FibNW = RLP(Cof) 25 b 170,

Proof. (i) & (ii) 207, (i) & (iv) BFRIRTH 5. f B3 cofibration/acyclic cofibration TH
% & %, acyclic fibration/fibration IZBLTEY 7 MEZFO Z L IFER KL DAL D,

[ % acyclic fibration B L TAEV 7 ¢MEZFOE &, (MC4) IR Z50 f =poi
(i € Cof, pe FibNW) 2% LMl 1.10 XD fldi D retract TH2. £oT (MC2) &b Cof
¥ retract TEAL %5225, f & cofibration TH 5.

FBRIZ f A% fibration ICBALTEY 7 bEZFEO L &, (MC4) KOG NB0E f =poi
(i€ CofNW, peFib) ZH 2 LMl 1.10 &b fldi D retract TH2. KoT (MC2) Kb W
& Cof & retract TP %7226, f & acyclic cofibration 1272 5. O

F 2.11. BERELZROETLVECIZBVT,

(i) Cof & Cof N W IdEM & RIEE pushout TEHU .
(ii) Fib & Fibn W&t pullback TEHU 5.

Proof. @i 2.10 ¥, i 1.11, 1.12, 1.13 X HES. O

14



A 2.12. ETLEC O fI2OWT, f 25EMETD 2 HE+9EMX, f 2 acyclic
cofibration i & acyclic fibration p ICX 2B f =poi TREDZ L TH5.

Proof. 55FED & RBULFIFEMET® % 525, acyclic cofibration ¢ & acyclic fibration p D& K
poi bFFFEMETD 5.

Wz, fBBEEEDr %, (MC4) XD f = poi &72 % acyclic cofibration ¢ & fibration p
PIFEHET S, 22T f i 5EEMERE»S (MCL) XD p d55HEMEICKRS. X T f X acyclic
cofibration ¥ acyclic fibration DG TEYE 5. O

% 2.13. EFVEDE fiTxtL,

fERARS <~ fIX55FREDD cofibration 22D fibration TH 5.

Proof. FAIGHIEROFHIH LTEY 7 MEEEY 7 MERROH 5, @il 2.10 BXUHRE 1.6
I3 iTbhrs. 0

SR LEFAMEOHAN REEEE L DB L RD XSRS,
% 2.14. EFLEC 12BN,

(i) W, Cof,Fib i%, A2 EZAEGKTHL 5.
(ii) 59FMED 2 5 A W & cofibration @2 7 & Cof & fibration @2 5 X Fib &, ZDHD_
DOWH I =D HWIIRELES.

Proof. (i) 1&% 2.11 &% 2.13 &b, (ii) & 2.10 L@@ 2.12 X DES. O

22 HOFRERE—
CHREFILEL TS, /2721 [DS95] IhE - TRITFHIDRE T L b0 L IZR S 20,
2.2.1 Cylinder RREEREFE—

MR AB e CITHLT, ZORM A][ B OFOEENRHN % ing: A — A[[B, ing: B —
All|Bt3%. 78 f: A—>Ct g: B—CIIHLT, FEOEEEICE->THELNS

EAMICT B X 5B —BINAEE, f+g: A[[B—> C £

15



EE 2.15. ETLIEC OIGE A O cylinder MR (cylinder object) ¥ 13,

e MR AANIcC
o T o
AHA id + id A
DA
ANT
THoTpBHEETHZ DD

DD Z & ZWVS. X HIT cylinder MRDERIZBWT, i 23 cofibration TH2 & ZF ANT I
good TH 5B W\, ¢ 3 cofibration 22D p 23 fibration TH 5 & F ANT & very good TH B &
WwH., ZIT
ip=ioing: A =% AJ[AS AN
i1=ioim;: A" A[[AS ANT

YEL Y, YEMENS i=iy+i THEILICHERET 3.

ETNVEOER 2.1 O (MC4)1IZ&oT, AeC D very good cylinder HRIFZD72< &b —DIF
FIET 5. LoL, CHBEFNRMRERZZ UL, Mt A— ANT E—RICBEFIIEB RS R0,

8 2.16. WfR A c C D cylinder R AANTITHLT, ig,i1: A — AANTIZHHEETH 3.
X 5T A B cofibrant T A A I 23 good 72 51X, 1,11 1 acyclic cofibration THH, AAT D
cofibrant XfRIZ72 5.

Proof. ig IZOWTREITEDID S, EFEDP D poig=poioing = (id+id)oing =id THDH, Fp
b id HFFEMEZ S, (MC1) &b ip DFFEMETD 3.
X 51T A S cofibrant T AANT 53 good TH 2L %, RFE AJ] A 2 pushout

g — A

|

A AllA

T bHDHZLICERT DL, AD cofibrant X H @ — A 23 cofibration T, %& 2.11 XY Cof
2 pushout TEAL %5 5 ing b cofibration TH 5. 4 i 23 cofibrantion TH 205, X o T
ig =14i0ing d cofibration TH 2. /-4t o — A o, AlTA Ly ANT D3FRT cofibration T
56, ANI B cofibrant XTRIZH 5. ]

16



EE 2.17. 9 f,g: A = X IZOWT, f25 g \NDEKREME— (left homotopy) &1,

o A @ cylinder X5 AN T
o B H: ANT — X

DIHTH - T
AJTA I x

io+i1l %

ANT

EAHUCT 20D Y. ZOFME Hoig=fD Hoiy =g THbILEFETHE. Z
DEHIFAN ZEHT 2205, AN D good TH B X H I good THBHE WD, ANT
M very good TH 5 & = H \Z very good THBE WD,

2o g NDEKREN— HDPFEETDEE, f & gldleft homotopic TH 5 & W\,
H: frg#73ic f g B,

#ERE 2.18. 5 f,g: A — X 7 left homotopic TH 3 & X,

fEW <= ge W

N ARVASR

Proof. ffil 2.16 £V ig,i € W TH 205, (MC1) kb
f=HoigeW <<= HeW < g=Hoi; €W

5. O

& 2.19. 5 f,9: A — X ¥ left homotopic TH D & X, fhd gD good BEKRE FE—
PIFET 5. 612 X P fibrant R 51X, f 25 g ~D very good BREKRE b —DTEET 5.

Proof. f,g 7 left homotopic ® & %, cylinder MR AANT 9t H: ANT — X DIFHELT

Al[A L% x

iO“!‘ill %

ANT

MAHUCH D, 2T i =dg+i1: AJJA— AANTIZHLT (MC4) &b, R

AJJA —=0F 5 ANT

17



THoTi' €Cof p2p eFIbNW THZHDDVFET . ZDL X

AJA e+ y A
T, 4
) ANT
1 r"/{
ANT T

¥ good cylinder fRTHH, H :=Hop' 23 f 25 g~ D good £FREIE—%25Z 3.
B2 X P fibrant THZ LT3, pop : ANT S AWRKHLT (MC4) & (MC1) &b, 7R

ANT —> A

N

ANT"

THoTi" € Cof NW DD p’ e FibNW THZDDDFHETS. DL X

AT A id +id — A
i,\} __rop ,
A/\[, 17
N p
CAAT

I very good cylinder X{RTH 5. AKX

AnT M x

g
ANT" — %

WXLT (MC3) XDV 7 H': ANT" - X DBFEIEL, 2O X H' o (i"0i') = H oi =
Hop'oi'!=Hoi=f+g &b, H' 2 f 25 g D very good EHRE I —%25Z 5. O

I 8 2.20. A 2 cofibrant 72 51X, Home (A, X) b —IHBIfR SR FEBIRIC T B

Proof. (RR$tH#): & f € Home(A,X) X LT, A D cylinder % & LT A HEZHENIE,
Fifhfenacerbrsd

(KHFREL): 5 f,g € Home(A, X) WCHLUTH: fA~ g2 ¥ 5. s=(in; +ing): A[[A— A[[A
LELE (f+g)os=(g+f) TH20H

g+f
AllA - f+g X

Bt
i1+1%0
’L'o—i-i1/

ANT

18



NI BB, H:g~ f L5,

(HeRSEL): 4t f,9,h € Home(A, X) CHLT, fL g g hThBETH. WE 210 kD
Hoig=fh»DHoip =gt’5good EAEIN—H: AN - X &, Hoiy =g »D
Hoid,=ht#k%good £AREM—H: AN — X BEEF 5. Z Z T pushout

A—Z— ANT
i1£2 ’ - \Lb
ANT —— ANT

ZHB L, Ml 2.16 XD iy, € Cof NW RS, R 211 &b abe CofNW RS, ZD
Y& poip =ida = p' oify TH 3 H 5 pushout DFEHELD, p=coabhDp =cobi#i3
B e AN — A B—BINCEET 3. a,bp,p € W DS (MC1) kD ce WTH5. 4
Jo,ji: A— ANT" % jo:=aoig, j1 =boi] EEDDBE, cojy=coaoig=poig=ida,
cojp=coboiy=p oil=idy £RB05

AHA id +id A

\ /
Jo+j1 ¢

ANTY
¥ A D cylinder fRE %25, B, Hoiy =g = H oil, T»H2H 5 pushout DEwEEL D,
H'oa=HM»D H'ob=H 27225 H": ANT" - X DP—EBENHEETS. ZOLE

H"o(jo+j1)=H"o(aoig+boi}))=(H"ocaoig+ H"oboi})
= (Hoidg+ H'oiy) = (f+h)

ERBZD H X f 26 hNDEKREINE—LRRS. O
—fic IEBR ~ TAERS RS FEEEGRE (L) R,
(A, X) = Home (A4, X) /(~)
Y. W 2.20 XD A cofibrant 725 (L) = & TH 3.
#R8 2.21. A € C % cofibrant MR E L, p: Y — X % acyclic fibration £ §%. ZD¥ X
Fi%
pe: (AY) = (A, X) 5 [f] = [po f]
13 well-defined 2 EHHEHRTDH 5.
Proof. H: f S gBBIEpH: pf ipg THE305, p,ld well-defined TH 5.
EED [h] € m8(A, X) ZH % & =, aJ#xX

g ——Y

i K

AT>X

19



WHLT, (MC3) EDVZE fr A=Y DPFETS. ZOLEp.([f]) =pof]=[h] £%&2P
5, py XEHTH 3.

frgi A= X 12o0T, po((f]) =pellg) 2ED pf S pg THBEF B, HE 219 X0 pf H
5 pg ~ND good ERE N — H: ANT — X BFET 3. Al

AlJA Iy
N
lj pf+pg plz
N
A/\IT>X

CHLT, (MC3) XD VU7 H:ANT Y DBFEL, ZHE f 25 g DERE -t R
3. ko TflgoFED [fl=lg %D, p. ZHHTH 3. O

fiE 2.22. X € C % fibrant R L, f,9: A - X 2Hr3T5. 2oL ZEEDH
h:B— ARKLT, fLgndld fhighvis.

Proof. ffif# 2.19 XD f 25 g ~D very good £EHRE M — H: AN = X DIFEETS. A D
good cylinder ¥f5%
A,HA, id+id
AAI
Z—Om 5. AR
ATIA PEY AT A s AT
~ ™~
ii id +id id + id piz
~ >

A'NT it A’ » A
P’ h

LT, (MC3) XDV T b k: AANT = ANIDHET B, DL %

fh+gh

A’HA’”/Am
] i

AAIAﬁTAAAI
WA 205, Hk X fh 5 gh NDERE - 5. O
& 2.23. X € C % fibrant R T2 &, C DEHITES

(A, X) x (B, A) = 7°(B, X) ; ([f, [n]) = [f o B

ZAHET .
Proof. fiid8 2.21 L i 2.22 XDHES. O
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222 Path HREBERELE—

MR A B e CINLT, 20 A]] B O OIEHEN 5% pry: AT B — A, pry

355, FHfC AL g:C— BIIHLT, BoHEHICE->THELNS

2N

A AllB 5 B

RAMRICT 2 & 5 h—ERH%E, (f,9): C — A[[B £ £7.
FOFINC path SR GRE P —HERTE 3.

E&E 2.24. ET7VIEC DI X D path ®R (path object) ¥ 13,

o ME X cC
o H[HAX|5

(id,id)

X x
N
XI

X X

THoTiVHEEETHEHD

zT

po=proop: X' & X x x 2% x
pr=priop: XT L x x x B4 x

rEL e, HEEDS p=(po,p1) TH2ILIWHEET .

:A[[B— B

DD Z B WS . X512 path HROEFRICBWT, p A fibration TH 3 & = X! 1 good T
BBV, p A fibration 2> i A3 cofibration TH % ¥ & X1 1% very good TH3 VWS, Z

ETNVEDERR 2.1 O (MC4) 12X >T, X € C D very good path MRIFDHR L &b —D2FFF
f£5%. LaL, COBEFNSBERZFUE, M5 X — XTI RIBEFICER 570,

e X O path x5 X!
o ST H: A— X1

21

38 2.25. WR X € C D path W5 XL ISR LT, po,pi: X! — X 13BFAMETH 3. 51X
A3 fibrant T X! 23 good 72 51F, po, p1 & acyclic fibration TH D, X' % fibrant XfRICHK 3.

EFE 2.26. 9f f,9: A = X ITOWVWT, f25 g~ \DOHKRERE— (right homotopy) & 13,



DHTH - T

A (£.9) X x X

x T(po,pl)
x!

EAHUCTZHDODI L. ZOEMHE pgoH=f2DOpoH=gTHBILrEETHS. =
DrEHRZX Z28HT2205. X 28good TH2 L E H X good THBH LW\, X! H
very good TH 5 & & H \F very good TH 2 LW,

25 g NDERE N —DEFET B L X, [ & gl& right homotopic THB LWV, f g
&L

@R 2.27. 5 f,g: A — X 3 right homotopic TH % & X,

fEW <= geW

DAL D LD,

R 2.28. § f,9: A — X 7 right homotopic TH2 & &, f 75 g ~ND good A KRE b
V—DFET 5. EHIT A D cofibrant 72 51X, f 226 g AND very good A HRE b ¥ —DFEAE
T 5.

| #8588 2.29. X #' fibrant 72 512, Home (A, X) Lo “IHBG L 1 ZRMEBEGRICH 3.
—fc ZIEB R < TAER I N B FEHEBEGRE (L) 2 EL,
(A, X) = Homc(A,X)/<L>
Y. fHRE 220 XD X A fibrant 725 (X)) =X TH 3.
i 2.30. X € C % fibrant Bxf5 L, i: A — B % acyclic cofibration & §%. ZDt %
BAR
i*: 1" (B, X) = 7" (A, X)) [f] — [f o]

1& well-defined 2 EHHEBHRTH 5.

i 2.31. A € C % cofibrant BXIHR ¥ L, f,g: A - X 25 3%. 2oL X{LEDH
h: X Y IZHLT, frgkbldhof~hogtlhb.

8 2.32. A e (C % cofibrant BNfHRE T2 %, C DAKITEHS

(X, Y) x 7" (A, X) = 7" (A,Y) ;5 ([A, [f]) = [ho f]

ZAET 5.

22



223 FKRERE-—
ROFRED K 512, domain A 23 cofibrant T codomain X 723 fibrant 2 H5IXEKRE PE—2 G
AEME—IE—HT S,

878 2.33. 5 f,g: A - X 1THLT,

(i) A 23 cofibrant D & &, ffevgﬁfoﬂfffcg“ﬁﬁé.
(i) X A fibrant O %, fLgBoE fLgThHS.

Proof. (ii) 1% (i) OB 72225, (1) Z077RS. M@ 2.19 XD, good cylinder A5

AHA id +id A
\\4 ;/
io+i1 p
ANT

ESH: ANT - X THol(ig+i1)=(f+9) L2 bDHBEET 5. Ald cofibrant 722> & 1
7 2.16 & D ig 1 acyclic cofibration T#H 5. X @ good path Xf5

(id,id)
—

X X xX

N A

& =05 L, (fp,H)oio = (fpio, Hio) = (foid, f) = (id,id) o f TH B2 5HR

A1 o x 9 xI
G

iojz d& lq

A/\I(fp—m>X><X
FAHT, X T (MC3) DV 7 M K: AN - X! BEHET 2. 2D EgoKoiy =
(fp,H)oir = (fpir,Hir) = (f,9) L7205

AT x o x

Km Tq
XI

DHHUCRD, Koil i3 f 205 g \DHEKRE -2 k3. 0

A % cofibrant 7205, X % fibrant WM R L T2 & %, Home(A, X) Lo ZIHBR Lyl
—HT AP, ChE~ ==L T3, frgTHEHEE, [ ¥ gl homotopic THS LW
I. X HITHIE 2.20 R 2.29 XD ~ IX[EMEBEIFRTH D, ~ 12k b Hom EADR%

7(A, X) = Home (A4, X) /~ = 7" (A, X) = 7" (4, X)

23



LBl

EE 2.34. 4 f,g: A — X IZDOWT, A X cofibrant T X & fibrant TH 2T 3. A D
good cylinder 5 AAT ¥ X ® good path ¥R X! ZEEICH -7z =, #HiE 2.33 DFFHA
5

frg = ANTZRETS [0 g NOERE FE—HFET 2
frg = X'ERBTE [ 20 g \OHKEFE—DHET S

MR D ALD.

g 2.35. CEET LB Y L, A X €C % cofibrant 2> fibrant R T3, ZDr EIE
D f: A— X 1ZOWT
fI35EMETH %5 <= f X homotopy inverse %D

DB DILD. ZZT f D homotopy inverse ¥1%, go f ~ida D fog~idx &2 XD7%
g X 2 ADZEVS.

Proof. f EEMETH 2 255, (MC4) Kb ok
A % X
C
DEET 5. (MCL) &b p 5FEMETH D, X 23 fibrant 72525 C b fibrant TH 2. AKX

id
A —2

A
af2 l
C —— x
WXLT (MC3) KDV T hr:C - ADBFIEL, 2O X roqg=1idy &% %. —F, ¢»
acyclic cofibration T® 2 2 H4fi# 2.30 & b &2HEf ¢*: 7n"(C,C) — 71"(4,C) B¥{E6N5. 2D
Y& ¢*([gr]) = [qrq) = [q] = ¢ * ([idc]) £ %2225 [gr] = [idc], 2% D ¢r ~ide &3, &£o
T r & ¢ @ homotopy inverse TH 5. [AHIZ L T p ® homotopy inverse s BfFHH, ZDL =
rs D% f @ homotopy inverse £ 72 5.
W f 2 homotopy inverse g: X — A ZHFor$5%. (MC4) X b 5fi#

A—1 . x
c
DPEFET 2. (MCL) &D p PPRABETH S 2L Z2REE T D TH 2. fg~idy DEKREFE—
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ZH: XN — X 35, Al

0 XHX D

XNI X

CHLT, (MC3) DU F H: X AT — CDB1EET 5. s = H oiy ¥ BIHE, ps —
pH'iy, = Hip = idx D DILD. —F, ¢ FHEMETH 255, HiFODIEA X D homotopy
inverse r ZHiD. ZDE X p~per=frabrd. H ZAREIN—qg~sZ52500,
sp~qgp~ qqfr ~rq~idc 7% %. FHIHE 2.18 £ D sq 55EMEICKR 5. KX

id id
Cc e, o o
p lsp

X ——C—

=<5 Q

MAHLTH 205 pld sp D retract &7 D, XoT (MC2) &b plIFHFRMEICR 5. O

23 ETIEDEREIE—E
2.2 FiCHMm LR EEHVWAL, EFALECICHLTROADDENESLNS

C. := {cofibrant 2N R D73 C DGR E } C C,
Cy = {fibrant 720 RD2F C DFeHHETE } CC,
Cep = {cofibrant %> fibrant 72RO 75 C DFEHEIE } C C,
7C. = {cofibrant 2R L ZDOMDHDERE + ¥ —HD72 T HE ),
7Cy = {fibrant 72X e Z DM DOF D LK E b —FHDIRTHE },
7Ccf := {cofibrant 2> fibrant 2R & Z DM DHDRE b ¥ —HFHDRTHE }.

INSEHVTETVEDOKRE FE—EZHKT 5.

Z DFE, (co)fibrant replacement /resolution (% Z L NEEIZR - TL 5. ZHiE, KEH
O —RENTBYT 5 ARGIRCHE RO T I —TH D, ZERIINT 2 EEMo 7 Fay—T
H5.

231 FREFE—E
FITRETHDEEF O IR OB VWETFLEICBWTER .
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BEARX e ClTHLT, EF2.1D (MC4) &b

dQX : cofibrant, dgx: QX 50X acyclic fibration, \ %1
QX
L5, [FRRIC

X — %
JRX : fibrant, drx: X S RX acyclic cofibration, \l“ /1
X
RX

%, ZDXD 7% cofibrant xR QX € C & fibrant ZHR RX € C Z—OWHEELTH
. 772U X & cofibrant %2 6 QX = X, fibrant 2565 RX = X &3 5.

ZD ¥ %, acyclic fibration gx: QX — X FI3HIC QX % X O cofibrant resolution ¥ I
U, acyclic cofibration rx: X < RX £721dHI2 RX % X @ fibrant resolution ¥ WERZ ¥ 12
5.

AR 2.836. X € C 2 fibrant 72 61X, —EWZH X — « 2 fibration TH 220056, QX — X —
b fibration 1272 D, QX % fibrant 12725, [FHKIZ, X 23 cofibrant 72 51X RX ¥ cofibrant
TH5.

HREE 2.37. TFLEBCOH f: X - Y ITHLT

EAHICT 2 X554 [ QX — QY HFEET S, X612 fI3ERE PE— %A KRE b
P—DEZFRNT f I L2 REST,

feM/¢$feM)

MDD, X BHITY A fibrant 2 51, fI3AERE FE—FRRBARE PE—DEERVT f
DFEARE FE—FIZ UL KRIFE L2V,

Proof. AIHXIIX
g — QY

[ wl

QX —— Y

fogx

LT (MC3) &b, U7 f: QX — QY BEIEL, (MC1) &b f2BAMTHE Ly |
DIEETH 2 2 L AR S, fOERE P —DEERVT—ETH S LI3ME 221 X
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DIEWV, AREME—DEZRVT—ETHE I LIIME 233 IO KES. BREDTRDHE 2.22
DS, O

EE 2.38. M 237 &Y, f=idx k52 fLidgx THY, h=gofBbIEhRSGof L
3. LEdoTHIE X = QX 1, f € Home(X,Y) 1L Q(f) = [f] € m(QX,QY) &
EH By THETF

Q:C— 7C,

ZEDD. ZOBTF Q % cofibrant replacement BF L IMERZ ¥ 235 % (B3, AFTIEZ OHFE
%, BEFNDRND 258 1T - TH L. 233 /N iz R ).

R 2.39. TFLEC O f: X - Y ITXHLT

x 1 5y

ijz TYjZ

FAICT 2 L5 R8 f: RX — RY DMFET 3. X6 fI3ARE N —FRFAERE Y-
DEZFROVT f 2L RIFET, _
fEW <= feW

DD ILD. X 3 cofibrant 2 51F, fIIERE M —FRRBERE I —DEERZRVT f DA
AE P E—FICLKEFEL .

Proof. ffi/ 2.37 DRINTH 5. O

EE 2.40. B 230 k0, f=idy BB ~idpx THD, h=gofu6ERLGof &
7%, Lo Tt X — RX X, f € Home(X,Y) IZRU R(f) = [f] € 7 (RX,RY) &
»H3 e THEF

R:C —>7TCf

ZEDSH. ZOF R % fibrant replacement BIF LRI 23D 5 (23, ARETIEZ DHGE
%, BAFNDEDN D 258 1> THL. 2.3.3 Mz 7 X).

HEE 2.41. EaiQ:C%WC i, J‘/\.CfG\_ﬁ?UBE?%) 81%@%@’ WCf%WCf%ﬁb%?z)
[EH‘%G:B@%RZC—}TFC]C@ B CCHIBRT 2 Z & THF R : (., —>7TCCf’5_’ HET .

Proof. R# R %#HET 52 e ROMRT 2. 207010, X, Y €C. L COH f,g: X > Y

WX LT, frgkoid R(f) = R(g) ZREIZ IV, X 2 cofibrant 72205, ZAUIHHRE 2.39 7
SIES. O
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E&E 2.42. ETNVECITHLT, C DEREME—E (homotopy category) HoC %

e ob(HoC) :==ob(C)
e Hompoc(X,Y) = Homyc, (R'QX, R'QY) = n(RQX, RQY)

5B LTERT . Quillen homotopy category & b IFEX.

AE 2.43. EFLEIC OKREFE—E HoC 1%, fEUERZBTF

v:C — HoC

2RO, ZHUIH f € Home(X,Y) 12X LT A(f) = R'Q(f) € Hompoc(X,Y) ZXIEXH 23
BFTH2. X,Y 2 cofibrant 2> fibrant IR THIUL, Z DWW S

vx,y: Home(X,Y) — Hompoe(X,Y) =7(X,Y)
[ESEE AR

AEME—BOERICBVWT RQ D% QRICEEHZTH, ML LERIZD SR
V. 232 /MR LN ZEESE, S, FASIIEREICKS.

E 2.44. COGF f: X - Y ITHLT
Y(f) 23 HoC DREHTH 5 <~ fH5EIETD %

DD ILD. %72 HoC DIEEDHNE, C DFHIC L2 v D%y C DFFEIEIC K % v DIRDMG D
ABREDOERTRE 3.

Proof. #H» 5 1(f) = RQ(f) &, 8 f: RQX — RQY OKE FE—HTHD, 4(f) HRAT
HBELWS el f 2 homotopy inverse 5O L WS Z v TH 5. LA o THIE 2.35 Ll
B 2.37 LA 2.39 KD

v(f) = [ﬂ D HoC DFRIBISITH 25 — ?iﬁ homotopy inverse % §D

= [rEHAmTHS
— [2HEETDH 2
— [fHHFETD 2

5.

/- v: X > Y % HoC DIEEDOHE T3, X € CicxrtLT, cofibrant resolution gy : QX —»
X ¥ fibrant resolution rox : QX < RQX IFIFEMER D5, v(gx),v(rox) RS TH 2. =
DL = HoC D4t v(rgy) oy(gy) L ovory(gx) oy(rox) ' RQX — RQY 2R 60228, &
B 243 kDb

YrOX,rRQyY : Home(RQX, RQY) — Hompoc (RQX, RQY)
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DEFTHE2H0 6, 5 C D4 f: RQX — RQY BHEEL T (f) = v(rgy) ov(gy) ' ovo
Y(gx)ov(rox)~t &%, L7235 T HoC Ot v id

v="(av) ov(rey) " o (f) o v(rox) o v(ax) ™! (W)
X v(ax)~ 0X Y(rox) ROX 7(f) RQY Ylrev) ™" QY v(gv) %

ERES. O

% 245. CEETNVE, F,G:HoC - D%¥F, 0: Foy=Goy ZHARLM i T %, D
DI {0x } xec RARER F = G 2—HINED 5. FHbB T

—o~: Nat(F,G) — Nat(F ovy,Go~)

FEHHTH 2.

Proof. SO {0x}xece DEHREHF = G ZED57-0121%, EED HoC Difv: X — YV 15t
LT
F(v)
F(X) — F(Y)
Qxl 6

G(X) 5 G(Y)

~

AU 5 ¥ BRE V. @il 2,44 I CERER (A) Vg,

F(v)

1

F(X) F(’Y(QX) (QX) F(’Y(TQX)) (RQX) F(’Y(f)) F(RQY)F(V(TQY) (QY) F(V(QY)) F(Y)

xl QQX\L 9Rgxl efml ) eqyl le

S
~

G(X) G('Y(QX)7 ) (QX) G(’Y(TQX)) (RQX) G(v(f)) G(RQY)G(’Y(TQY) )G(QY) G(v(av)) G(Y)
L Gw) J
DA TH 2 Z e pbrsb. —EMEEHL . n

| #HRE 2.46. CEETLEY L, F:C— D% COHFAEY2 D oRAEICS ST L5 REFL T
3. ZOLECOH fg: A X ZOWT, fhgdiiz fLgneid F(f)=F(g) £7%5.

Proof. FOHEX D f X g OBETIRT. WE 210 XD f 28 g ~AD good BEKRE b ¥ e
H: ANT — X DMFET 5 ¢

AHA id +1id AHA f+g X
m+x / iOHll %
ANT ANT
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DL E wiy =idg = wiy 6 F(w)F(ip) = F(w)F(i1) TH»%. ZIZTw PHIAEMHEK
b F(w) BRABGHCRD, F(ig) = F(iy) b 3. XoT Hig=f, Hiy =g &b F(f) =
F(H)F(ig) = F(H)F(i1) = F(g) £ 7% %. O

232 EFILEORFRIL
—fRCE ORI, SXoNH0r 7 22RO OT LS RETFOHRTEEN R DL L
TERINS.

EE 2.47. CEBEEL, WCmor(C) 20277235, WICHT 2 C ORBERFRL
(strict localization) &%, B Cy £BF Q: C — Cyy ODHTH - T,

(1) QUEW RT3, TROBEED we WIZH LT Qw) XA 2
(i) W EAHICT 2EREOBEF F: C > DWIIHNLT, BEF F': Cy — DB —EIMMIFEEL T
FloQ=F¥ik3

EHETEERWVS. HENED) S, RBRFLEFE TR BN ZEREZRCT—ETH 5.

DIRE, PRFRFTLD 2 & 2 B2 R L RS,
B ORFE VWO THEET 2 LIFR SRV, E7LVEDEE, 5FIEICEE T 2 F/atidEic
FEY 2.

EIE 2.48. TFLEC LT, BF v: C — HoC EHRAED 7 2 2 W BT 2 BTt T
H5.

Proof. 8 2.44 X0, BAF v I39WEMEZ AT 5.
SEMEZRWICT 2F F: C — D 2EEICHS. ZOr ZXBF F': HoC - D %

e X € ob(HoC) =ob(C) KMLT, F/(X)=F(X)¥&3¥3
e HoC OHf v: X —» Y I LT, @ 2.44 DFREIATIHLELR (M) &b
v="(gy) o y(rov) ™t o(f) o v(rgx) o v(gx) ™
v 7% C 08 f: RQ(X) = RQ(Y) BHET 5. Ok &
F'(v) = F(qy) o F(rqy) ™' o F(f) o F(rqx) o Fgx) ™"

£3%. COHfg: RQ(X) = RQ(Y) b v =1(ar) ov(rev) ™" ov(g) o v(rex) o v(ax) ™
EALTET L,

Y(f) =y(rov) ov(ay) " ovory(ax) o v(rox) " =1(9)

ED frghbhd, ZOLEME240 XD F(f) = F(9) %2556, F'(v) & well-
defined TH 3
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WEoTERTD. COLEF=Foythd. OISR F O0O—BHEIHEI»LHLLTDH
5. O

DI, v:C— HoCDZ & bHICFEMLEMERZ DD 5.

%249.C.C (jeJ) REFAEL T H L &, BHFT

Ho(C*?) = (HoC)®*,  Ho(J] ¢;) = J] Ho(c))

JjeJ jedJ
MWD LD,

Proof. C,C; ®JaFi{tZz v: C — HoC, ~;: C; — Ho(C;) £ 3 5.

B [FEHY Ho(COP) = (HoC)°P 2R3 7912lX, BIF 4°P: C°P — (HoC)°P 3wt & &t %
DI ZMERTUI I V. AP 3 CP DFEEZ A[HIICT 2 Z 3L . F: C? — D % C°P
OFFEMEZAFICT2EFr T2, I C OFEMEEAIMICTZ2HF F: C — DP X
L, RALOBEEDLS F = Floy 272 58F F': HoC — DP —BINKHEET 2. F/' »
F': (HoC)® - DIZMIET 230U, FFIZF =F on? e R2—BHNRHNTHS. £oT
7P CP — (Ho C)°P 1 C°P D F5[FMEIC X 3 Rt TH 5.

IR Ho([;c, Cj) = [[jesHo(C)) ZRd ik, BT[], [1,C — [1;Ho(Cy) #3
FALO @2 #0228 U v [ 23 [];C; OBREZ AT 5 2 L i3H o2
F: 11,6 — &% ], ¢ ofAEZAICT 2T 5oL &, BT F': [[;Ho(C)) —» € %

o MR (X;); € ob([]; Ho(C;)) = [I,; ob(C;) ML T, F'((X;);) = F((X;);) €35
o TL, Ho(C;) D3 (v;);: (X;); — (¥;); CXILC, @l 2,44 DIEMICHHLER (4) £ D

v; = 75(av;) 0 i (ry;) Tt o (f) 0 vi(rax,) o vilax,) ™
L5 C; DU [ RQ(X,) — RQ(Y)) BT 5. cor &
F'((v));) = (Flay;) o Frqy,) ™" o F(f;) o F(rgx,) o Flax,)™);
LF 3. B 246 XD F'(v) 25 well-defined TH 2 2 & b3

KR TERTS. COLEF=Fol];ytkad. ZOX57% F O—RBELHED LS 0
TH%. £oT[v: [1;C — [1; Ho(C)) &[], C; DIERMEIC X 2 BAHLTH 5. O

233 BFNDEEFROBE

EFLE C BT (0, 8) BHOL &, ROMBICE>THT Q:C > CHEES

o MH X € ClLHLT, BNRPLO—ENRHEE L0 - X LLELE, QX) =
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coda(l)=domp(!) £35. ZDt =57k

g—1 4 X

a(')\z /i(')

HHYH, Q(X) X cofibrant HIRTH 5.
o BT f: X Y ITRLT, mlfX=X

gt X
id J,f

@*)Y

2EZT, Q(f) =coda(id, f) = domS(id, f) £ § 3.

Z Dy AR

G QX) —» X

B
Jid Q(f)l Jf

MDD,

ZDBF Q % cofibrant replacement B8F (cofibrant replacement functor) ¥ FEXR. X HI124&
X eCizownTqx =8(1): Q(X) = X B, ZHEIAARZEH ¢: Q= 1d 2712 7.

cofibrant resolution £\»5.

FIREIZ, ROFMISICE>THTFR:C > CHEZXS .

e MR X € CITHLT, MURANO—EZHZ: X -+ 2L &, R(X) = coda(!)

domp(!) £35%. ZDt =

g—1 5 X

a<\ /“m

Y, R(X) X fibrant ZNRTH 5.
o B f: X = Y IcH LT, A
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2#EZ T, R(f) :=coda(f,id) =domfB(f,id) £35. Z0D& Zn[#fxx

X < R(X) —»

d |r fd

YﬁR(Y)*»*

MDD,

Z DBEF R % fibrant replacement BF (fibrant replacement functor) MR, T HIZE X € C
WOWTry =al): X - R(X) tEFX, ZHUIBEARZH r: Id= R %z2%T. Thz fibrant
resolution £\9.

INSEHAWEZ YT, FAMICLTHRE N —B2ENTE 3.

2.4 EREEF

ETVIEC, D OMDMTF F: C — D »EREZR> L &, RO EE DS

AU T ZBT Ho F A —BIICTEET 5. LAL, —fRICITITRNTD F BFEEEZHED 2 I1XR
LWV, ZOEIRGEBICHOF L EFE2EZ D00 ERBEFTHS.

E#&E 2.50. CxETNLEEL, v:C — HoC 5FMEICE 2 RAML 3%, BFF:C—> DI
DN,

(i) F OEEREEF (left derived functor) &%, BAF LF: HoC — D £ BAZHi7: LF oy =
F O#l (LF,7) TH-T,
o FEDHET G: HoC - D L HAZH0: Goy= FIZRLT, HARZH: G = LF
P—EWCHFELT, =10y k3
EWVSEBEDPED IO EZ VD,

C
|

HoC T D.

(il) F oBEREF (right derived functor) &%, BIF RF: HoC - D t BAZHio: F =
RF oy O#l (RF,0) TH>T,
o (TEDMEF G: HoC - D e HALHL0: F = Goy ITHNLT, BAEHL S RF = G
MD—EBINFELT, 0=Eyoo 25
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EWVSEEEARRD IO ER WD,

| Y

HoC T D.

EWRZNZ, F OFERETF IRy IZiho7 F Of Kan RO Z & THH, F OHE
KT L IZRF v o7z F OFK Kan 5RO Z e TH 3. Emlhnr o, foEskETo4E Rk
FiI, FEITNWE—EBENLZBARREEZRNT—ETH 5.

AR 251 BFF: C—» DEREZAICT 272 01F, EH 248 XD F=F oy ksl
FF':HoC —» D B—RITHFEL, & 2451 & D (F',id) 78 F OFEERET LF o588k
BIF RE 22252 enbnrd.

M8 2.52. CEETILELT 5.

(i) BF F: C. — D »% (cofibrant MERDE D) acyclic cofibration ZA[#IZFT 2L =, C. D
9 f,g: A — B % C O & LT right homotopic 72 51X, F(f) = F(g) £7%%. KT F
WBEF 7C. — D ZFFET 5.

(i) B4F F: Cf — D % (fibrant RO D) acyclic fibration ZA[HIZF 2 & =, C; D&Y
f,9: X =Y HC Dt LT left homotopic 251X, F(f) = F(g) ¥72%. FHZ F 3B
FrCr— D ZFHET 5.

Proof. (ii) & (i) DR7ZH 6, (1) ZFRT.
Wi 228 &0 f 25 g ~AD very good BRAAKRE N — H: A — B! BEET 3 :

p WY, pop AT pop
L .
1&1 /(207171) ’ R T(po’pl)
Bl B!

ZZTBEeC 7205 B! % cofibrant HRTHD, widkC, DHFTH 2. KE XD F(w) XFERE
BB, DL E pow = idp = prw & D F(po)F(w) = F(p1)F(w) £72% 58 F(po) = F(p1)
BO»S. KoTpH = f, pH =g &Y F(f) = F(po)F(H) = F(p1)F(H) = F(g) &7
5. O

Rl 2.53. CZETLEL T 3.

(i) BgF F: C — D », C @ cofibrant MR OM DFRMEZ Al S 2 & &, F O /5K
F (LF,7) BRET 2. THITTANTOD cofibrant MR X € CIZ2OWT 7x: LF(X) —
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F(X) & D oR#GHc k5.

(ii) BF F: C — D A%, C @ fibrant R OB O IRIEZ AT 5 & &, F OfLERETF
(RF,0) FET 5. EHITTNTO fibrant MR X € CIZOWTox: F(X) - RF(X)
& D ORI S.

Proof. (ii) & (i) ORHZEH 5, (1) ZURT.

GRETC. = C L DEEZSL, ZAIBRIC acyclic cofibration & FIHHIC T 2005, #f
252K VBEFF:nC, - DIiFEINS. ZDLE F oQ:C — nC. — DIX55[EME%Z A
25 %.

") C O f: X 5 Y IHMLT, FloQ(f) = F\([f]) = F(f) TH3. fHHRAMTH 2
v ZHE 237 X0 f: QX — QY & cofibrant WROOFFEMEIC 2205, KELD

F'oQ(f) = F(f) ixA%SH 7% 3.

L7 o TRFMLD @I & D

R T 2MF LF: HoC —» D A—BICEET 2. $72% X € C LT LF(y(X)) =
LF(X) = F(QX) Thh, 7x = F(qx): LF(X) = F(QX) — F(X) i< ¥ ZhZHERA
Zf¥ir:LFoy = F %5%2%. X 7 cofibrant R4 51, QX = X Tqgx = id Z» 5,
7x = F(id) =id TH 2 Z L ICEET 5.

COrEM (LF,7) X F OFERBMFTHL2md. BMF G: HoC — D L BREAH
: Goy= F ZERICHS. £ X eCIiTMLT

Ex = 0gx 0 G(y(gx)) " G(X) = G(QX) = F(QX) = LF(X)

riir, Cobtf: X > Y I2onT

Gx) T G(QX) " F(QX) = LF(X)
Gov(f)i icowf) lF(f):F%Q(f)):LFov(f)

G(Y) ot G(QY) ooy F(QY)=LF(Y)

DA 2005, {Ex tx FAREHLE: Goy = LFoy 273, %245 XD HREE: G = LF
BB, oL EIOAREEMHVIE, X € CITHL x0&,(x) = F(gx)oloxoG(v(gx)) ™' =
Ox &80, Toly=0DBWOLDZEDOND. ABAREIL: G=>LF 10y =0%A
253 %, QX A cofibrant MRIED D 1ox =id THZ L&D, fox = Tox oy = €ox
TH%. LFov(qx) = F'([gx)) = F'([id]) = F(id) = id & 54U, ¢ oERME»S

&y =LF(y(gx)) 0 éGx 0 G(v(gx)) ™" = idobgx o G(y(gx)) ™' = éx
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YD, ERZEHE LTE =€ pbirs. LEXD (LE, )4 F OEEREFL %%, 0

C
o

EE——
M Rang F D

+ Kan 15k

DR A Kan 53R (absolute right Kan extension) TH % 21X, (FEOETF G: D — £ THRzh
%, $72bBH (GoRang F,Ge) U4 Kan HRICKR 2 £ 2205 . FAKICHEIAE Kan L3R
(absolute left Kan extension) EZRIN 5. ROEMIZ, i 2.53 T 5N/ Kan LR
WHITHZ I ERT.

T2 2.54. CEETIILEE T 3.

(i) A5 F: C — D %3, C @ cofibrant MR DM DGFIMEZ AIHICT 2 & &, F OFEREF
(LE,7) &, Rt v iZih o7z F Offadtts Kan LR TH 5.

(ii) B9F F: C — D %, C O fibrant MROMOFFFEEZ FFICT 2 & &, F OGEREF
(RF,0) &, Rt vy Zih o7z F Offnfe Kan #EiRTH 5.

Proof. (ii) 1& (1) DA 7E D5, (i) ZFRT.
TFEOETFG: D — £ LT, GF IZBH S22 C ® cofibrant XTR O R D 55 [F/E % v 3#12 3 %
e, amdE 2.53 X D EERETF (L(GF), 7)) DMFET 5. i 2.53 TOMKD 5, Ui

L(GF)=GoLF, 7' =Gr

BEAHTZeDbDE. LEN->T (LIGF),7) = (G o LF,G7) 4 Kan KR 2 5 5,
(LF, 7) 13454 Kan JEIRTH 5. O

EE 2.55. C,D%ZETNE, v¢:C— HoC, vp: D — HoD %255FRMEIC X 2/t 35, B
FF:C—>DITOWVWTC,

(i) F O2EEREF (total left derived functor) 1%, BF ypo F: C — HoD DA EXKE]
FLF=L(ypoF):HoC - HoDDZ%ZW>S.

(i) F o2GEREF (total right derived functor) &i&, BAF vpo F: C — HoD OfEXK
BAIFRF=R(ypoF): HoC - HoD D Z %>,

% 2.56. C,DZETNEE T 5.

(i) F:C — D % cofibrant XfROMDIFFEMEZ RIS DT & &, F OREERMT LF
DIFET 5.

36



(i) F: C — D % fibrant MROMDFHFEMEZ FIFMEIC 5 DT & =, F ORLHEREF RF H
FET 5.

Proof. 23EREFIIBEF ypo F: C — HoD OERBEFTH 205, il 2.53 X D ZDFEELD
n5. O
e 2.57. C,D ZBFHNnfREFFoET LE L T 5.

(i) F:C — D % cofibrant MR O DIFRIEZ FIFRIEIC S DT & ¥, Q: C — C % cofibrant
replacement BIF & 325 &

HoFoHo@: HoC — HoC, — HoD

& F ofEREFICRS.
(ii) F: C — D % fibrant RO D §5[FEMEZ §5[FMEIC 5 D F & ¥, R: C — C % fibrant
replacement BIF& 35 &

HoF oHoR: HoC — HoCf — HoD

& F oeGEREFICTRS.

Proof. fii 2.53 LRIFRICL T, EREFOEZEEZFOZ L PR TE 2. O

AE 2.58. i 2.53 THERK L 728REAFX, cofibrant replacement B4 Q, D% b £ X 12X
J&3 % cofibrant Xf5 QX O D HITKFET 5. S0z, BEREFOMBICIZE T VIE
DB T2 L, QX OFERBMBEL 725, [HovI9] TE I D & 5 RIRWMZ BT 2 72 DICBETF
NG ERO>ETNVEETEEZTWS. DF D, cofibrant replacement FAF% € 7L E D
B2 OFEENICHEONS K5I LT, EXREFZETNVEOMERZFITKFL TERINDS K
SIZL T3,

2.5 Quillen FE&# & Quillen [E1iE
Btk x, BAF F: C—> D, G: D — C L BRI EHS
® =&y x: Homp(F(A), X) = Home(A,G(X))

D (FH4G,0):C > DD ThHol. BHARZEHG © »HBAM (unit) & FHIN 2 HARLE
n=na: A— GF(A) E REAL (counit) LPHIN 2 HRBSH e =ex: FG(X) —» X 2M86h, D
DYf g: F(A) > X R C DI f: A — G(X) IZDW\WT

(g) =G(g)ona,  7'(f) =exoF(f)
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o TWVWBDTH -7,

{78 2.59. B C,D DMKt (FAG,®):C D COF f: A Br DD g: X - Y

IZOWT,
F(f)dg < fUG(9)

MR D ALD.

Proof. WfE FAG»H 3 %, MR

F(A) —"5 X A2 ax)
F(f)l lg fl lG(g)
F(B) —2 Y, B 2 G(v)
ORHEIZFRETH 2. ZDOZ e b ERIZEBICHES. O

C,DEETILVELT 3.
R 2.60. E7LEC, D ODEOREE (F 4G, ®): C — DIIHLT, RIFAMETH 3.

(i) F 1 cofibration ¥ acyclic cofibration Z{&D.

(ii) G X fibration & acyclic fibration Z£RD.

(ili) F & cofibration Zf&%, G X fibration Zf&D.

(iv) F 13 acyclic cofibration Zf&5, G I3 acyclic fibration ZfRD.

Proof. (i) < (iii) 2R3, bR TH 5. (i) = (iii): F 23 cofibration & acyclic cofibration
EROr$2r, F(CofNW(C)) C Cof NW(D) TH%. ZDrE D DG g oW, fiiid 2.10
LAl 2.59 &b

g € Fib(D) <= Cof N W/(D)Ag
= F(Cof N W(C))Ayg
<= Cof N W(C)AG(g)
< G(g) € Fib(C)

Y5, 5, G fibration BEO.
(i) = (i): F 23 cofibration Zff%, G 73 fibration Zff2o & 35 &, G(Fib(D)) C Fib(C) T
H5. ZOrECDEH fITOWT, i 2.10 & 259 &b

f € Cof NW(C) <= fIIFib(C)
— fG(Fib(D))
& F(f)AFib(D)
& F(f) € Cof N W(D)
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k505, FliXacyclic cofibration % f£D. O

E& 2.61. E7VEC,D OMDBEfE (F 4G, ®): C — D 23 Quillen BEHF (Quillen adjunction)
ThHprld, il 2.060 DFMERSFZMEEZALTEEZVS. DL LN F 27 Quillen BF
(left Quillen functor) & W\, HREfE G 24 Quillen BF (right Quillen functor) £\ 5.

AR 2.62. LRI RMIRZ RO 6, /£ Quillen BIF F IR Z RS, KT cofibrant Z254f
RERFT 5. AHINZ, £ Quillen BT GIFHENRZMRD, FFHC fibrant ZARZRTFST 5.

Bl 2.63. C Z5ElED»OREMBLETNVE, JE2RELT 5.

IDLECHEMTHZZehs, MEMBEF]: C/ - CE3MAMTF A: C — C7 Ok
fRicizoTwa, HEC) e VEBEE AN CTET LEE T2 %, Witk A AT IcBW
TLREFE A X cofibration ¥ acyclic cofibration ZfR22 5, ZHiE Quillen FEfETH 5. Ff
WI]: €7 — C i34 Quillen EFTH 5.

kR, REEWAETF]]:C) — C INABET A:C - ¢! okiffok-Tw5. HHE
CTICHEETFTNVEBEE AN TET LB T2 &, Btk ][] 4 A KBWTHBEM A i fibration
¥ acyclic fibration Zf£222 5, ZiUd Quillen it TH 5. R [[: €7 — C &/ Quillen B
FTh3.

fii78 2.64 (K. Brown Offi#). C,DZETNVEETLL %, BIFF: C - DIZOWTRIMD
AYAR

(i) F 5 C @ cofibrant 72X RDE D acyclic cofibration Z D OFHFEMEIZ S DT & =, F I
C @ cofibrant R ROE DTN TOFFEZ D OFFFEIEIC S DOF .

(i) F 25 C @ fibrant ZXfRDOMD acyclic fibration % D OFEIEICS DT &, FIXC D
fibrant Z& N ROMD TR TOIFFEMEE D DIFFRMEIC S DT

Rz, F 2% Quillen BIFTH 2 & &, F X cofibrant 72Xt R DR D FF[EMEZ RO, BOFHIIC
G: D — C 234 Quillen BFTH 3 & =, G X fibrant BNROB D5S[EEZ RD.

Proof. (ii) & (i) OB 8, (i) Z0m73. A, B e C % cofibrant ¥R L, f: A— B%%
OOFEELX 3 5. 4 f+idg: A[[B — BZMLT, (MC4) &b (f+idg) =poi &3
cofibration i: A][ B — C & acyclic fibration p: C' — B BMFET 5. Z 2 THK

g —3 A

[l

B ™, AIB
X pushout KIXTH 2505, R 2.11 £ D ing,in; 1 cofibration 127D, ioing: A — C &

ioin;: B — C % cofibration TH 5. T C 23 cofibrant 2 MRIZK 3. poioing = f &
poioin; = idp & p BFEMETH 255, (MC1) & D doing & ioiny bFFEMETH 5. Ko TRED

39



‘5 F(ioino), F(ioinl) 75)5'5@{[5&:7;5 ZDtk % F(p)oF(ioinl) = F(ldB) = ldF(B) 75“35'3”@‘(
HBZemo, (MCL) &b F(p) BHEIETH 2 Z e 23bh b, Lo T F(f) = F(p)oF (ioing)
bYFEEE 2 5. O

8 2.65. C,DxETILE, (FAG,®):C— D %2ZDMOD Quillen it 3%. Ok &4
EKET LF,RG DFEL, TH oL (LF 4RG, ®): HoC — HoD %2723,

Proof. & Quillen BF F & acyclic cofibration Z #2225, K. Brown Offi# 2.64 X D cofibrant
RO OFHEEE FFFEMEICS O F. Ko THR 2.56 X O 2LERETF LF BEET 5. FORINIC
4 Quillen BF G O2GEKETF RG bHEET 5.

%3 cofibrant MR A € C & fibrant MR X € DIIH LT, 2HGf

®: Homp(F(A),X) = Home (A4, G(X))

Db & THRE ME—BRPINIET 2 2R T 2. DOY f,g: F(A) > X IZOWT f~gTh
2rE RS f A gTHI00, M 228 XD f205 gD good HRENY— H: F(A) = X!
DIAET 5 :

(ldld) F(A) (f,9) X % X

\T R

Z 2T X 78 fibrant TH %55 good path x5 X! % fibrant TH 3. £ Quillen BT G 13
fibration ¥ fibrant XROM D ISEHEZEDH 5, AR

X —

(1d id)

G(X) — G(X) x G(X)

m TG(p)

BEoh, GXT) 1Z G(X) @ good path MR K2 Zepnbhrsd. RHH & O L TH
(f,9): F(A) = X x X & (3(f), ®(g)): A — G(X) x G(X) \HEF 5 2 & b, AHREIR

ACI2ED vy a(x)
O(H) TG(p)
a(xh

BRD I, O(H) X O(f) 6 B(g) NDERE =L %S, XoTO(f) ~ D(g) AL D L.
A D(f) ~ B(g) RBIE f ~ g BRDTDZ e Abh B0 6, SHE O Db L THE M —H
RONINT 5. Lid->T O IZHARREHE

me(F(A), X) = mp (A, G(X))
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ZAET 5.

ITAcCl XeDREEDXNGRE T 5. C D cofibrant replacement BAF% Q, D @ fibrant
replacement BiF%2 R TRT & §2 &, RERFHFEOMND S LF(A) = F(QA) & cofibrant T
RG(X) = G(RX) i fibrant TH 3. & »T 24

- (4(rx))-
&: Hompop(LF(A),X) = Hompop(F(QA), RX)

™ (F(QA), RX)
= me(QA,G(RX))
Hompoc(QA, G(RX))

12

I

(v(ga)™")
= Hompoc (A4, RG(X))
PELND. ZHUIBTFCPxD — Set ¥ LTOHEARAME 52, % 2.45 X Y BTF Ho(CP x D) =
Ho(C)°P x Ho(D) — Set & L TOHARFAEICH 725, Lizhio THifE LF ARG KD 1>, O

COMfELF ARG % F 4G OBXRBERF (derived adjunction) W5 . ERREELE 4 RG @
unit % 77, counit # € &35k, amd 2.65 DFEH X D

na =7(®(rr@a))) ©¥(ga) ' = 7(G(rray)) o v(nga) o v(ga) "

AT RGLF(A)) =—— GR(FQ(A))
" QlA T G(F(QA))/@TF(QA>))
Ex =7(rx) 7 oy (@7 ga(rx))) = v(rx) " o v(erx) 0 Y (Flaa(rx)))
FQ(GR(X)) == LF(RG(X)) —X > X
7(Flacirx)) %(TX)A

G(RX)) —— RX

TH5.

Bl 2.66. C Z5ElHErORFEMBETNE, JEEEL TS, HEC/ ITHEFLVEMEE AN
TETNVEE TS, B 263 &b, BEFET] A AT] & Quillen FEfETH o 7.

ZZCHABT A:C— C! BHEAMEERERSOZ LS, FE 251 &) A DEEERETr &
FERETIEI T 5. X, R 2.49 OfA Ho(C/) = (HoC)! %@L T HoC OxABT
A:HoC — (HoC)” 1272 5.

Lo THfE 2.65 & D Quillen BEFE [T 4 A - [] @&EKEEREE LT, FEfEL(]D 4 A 4AR(])
BEOLND. FHZ HoC OXAMTF A BELGORMFEZEO2 6, HoC XTI XRTOME RiEL

0.
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W8 2.67. C,DEETILE, (FAG,®):C— D %2ZDMD Quillen fiftr 3%, ZDr &X
EFMETH 5.

(i) EHRBELE (LF 4 RG, O) \ZFEERIATH 2.
(ii) LR cofibrant M5 A € C12oWT, C o5 A 5 G(F(A)) SV GR(FA) 1385/
fETH D, B fibrant M5 X € D IcoWT, D 08 FQGX) 9%, p(g(X)) 25
X BHEAMTH 3.
(iii) {EE D cofibrant XR A € C LALED fibrant SR X € DI LT, D DFfg: F(A) - X
DHEEETHZ L C O O(g): A — G(X) HHEMETH 2 Z L XFAETH 3.

Proof. (i) & (ii): MR AeC, X e DXL T, amd 2.44 & D

M4 =7(2(rrqga)) 0v(ga) ™" DA — ’Y(‘I)(TFQA)) A CIEEE )
(TFQA) G(rrqa) o nga M55[RfE
ex =7(rx) 7" o y(®7 Hgarx)) DA — ’y( Ygarx)) D
< ® '(gerx) = erx o F(qarx) D HIFME

ERB. EoTAeC d cofibrant 26 QA =AT, X € DM fibrant 5 RX = X TH 5
5, FRDED LD,

(iii) = (ii): cofibrant MR A € CITH LT, FHFAME rpa): F(A) = R(F(A)) E2 5L,
(ili) &b ®(rpa) = Glrra)ona: A — GR(FA) $3REICKR%. FBIC fibrant 2R X € D
WX LT, (i) &b @ Hgex) =ex o Flgex): FQ(GX) — X dRAMHEICK 3.

(i) = (iii): cofibrant Xf{H A € C L{EE D fibrant XfH X € D ZEREICEW 2. D D4
g: F(A) > X »§FMETH % & %, A

A" ara) —9Y9Y s qx)

H lG(TFA) lG(TX)

A~ GR(FA) —= G(RX)

#EZ5. 27 (i) 225 ®(rpa) = G(rra) ona BHEMBTH 2. KIZ g HBEFEETH 2 2 & D
LA 2.39 XD g: R(FA) —» RX »5[FfET® D, K. Brown O#i# 2.64 X D4 Quillen FAF
G Z fibrant RO O FFAEZROH S, G(9),G(rx) bHFAMETH 2. LoT (MCIl) &b,
G(g)ona = ®(g) BFEMBETH 2 Z L Bbh 5

RIS C D f = B(g): A — G(X) BRMTH % & =, AR

FQA) D, poax) TUex) x

Flax)| lF(“GX’ H
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EEZAZ, B EAPEEMEICZD, (MCL) &b exoF(f) =@ 1(f) dHBAMEICKRZZ
Bbhs. [

E#&E 2.68. E7NEC,D DM D Quillen fiff (F 4G, ®): C — D » Quillen FE (Quillen
equivalence) TH % &%, @ 2.67 OFELFN Z AT L Z2 2V,

% 2.69. C,DREFLE, (FAG, ), (FAG, &), (F 4G, 8"):C— D %ZDE® Quillen
BifEY 35 ¢ &,

(FHG,®) i Quillen AfETH2 « (F -G, &) iZ Quillen AfETH 3
(FHG,®) & Quillen AfETH 2 < (F' 4G, ®") 1 Quillen [FfETH %

DI D AL,
Proof. i 2.67 XY

F -4 G1Z Quillen [[fETH 23 <= LF ARG IFEEFETD 2
< LF ZEFRETH 3
= LF ARG ZHfERMHETH 2
< F 4G 1% Quillen FfETH 3

Y5, ZOHODOEIRDFEEE. O
CORED F ZHIZ Quillen AETHZEEo70T 5.

% 2.70. C,D,E €T NVE, F:C— D, G: D — £ %/ Quillen BF (£ 72134 Quillen B4
F)ed5. ZOLEF,GGF ®55 =2 Quillen AfiT» 2% 51X, 5 —2% Quillen [
ETH%.

Proof. BAAFM L(GF) X LGoLF 23 DIIDZ s, TIChbhb. O
% 2.71. ®7LVEC,D O ®D Quillen Fiff: (F 4G, ®): C — DIZOWT, RIIFEETH 3.

(i) (F -G, ®) % Quillen AT 3.
(i) FIEREH2T.
(a) F X cofibrant X ROBDOFFEMEL KSTF 5. 74D 5 cofibrant %R A, B € C D
DFf f: A— BIIXLT, F(f) »HERAMERSIE f H5FHETH 5.
(b) FRTO fibrant 7% X € DIcH LT, D 08 FQGX) 299, p(a(X)) <5 X
FEEEETD 5.
(i) G 1ERE BT
(a) G fibrant MROBDFFEMEZ G35, $T72bD5 fibrant R X, Y € D OHED
B g: X =Y I LT, Gg) »HRAMEZHIX g bFFEETD 5.

43



(b) T cofibrant $4 A € C1H LT, € 0Ff A 5 G(F(A)) U5 GR(FA)
EBAATH 3.

Proof. (i) & (il) ZWRF. (i) < (iil) dIAETH 3.
(i) = (ii): f& 2.67 D (ii) & D, (b) FEK D 2D, cofibrant XfR A, B € C DEO4t f: A — B
WZDOWT, F(f) »HEFETH 2 55, Al

F(Q4) =9 F(QB)

F(QA)l \LF((IB)

F(4) — F(B)

WZBWT, K. Brown Offif 2.64 XD F 23 cofibrant RO DFFEZ RO 5, F(qa), F(qB)
IR S, koT (MCL) &b, F(f) bHAMICED, LE(R(f)) = v(F(f)) BRBIc A
3. ZZTLF BERETH 255, y(f) bRAETHZ. LEd->T fIFERMKR 2.

(ii) = (i): (LF 4RG,®) BBEFERMETH 2 2 ¥ #7F. %3 (b) & D counit £x DA TH 2

DR EH D, unit na HEETH 5 2 & 2nmtid v, BEHEO=MAFEA LD Af#EXK

LF(A) 9% LF 0 RG o LF(A)
\ J/g]LF(A)

LEF(A)

BB BB, ELpa) BABEDS LF([Fa) bABY 5. Z2Tia=1(f)oy(w) ! £4%C O
5 f L SFME w BFEET 5 2 L ICHEET 32, LEA) = LF(y(f)) o LE(v(w) ') BABTH %

YWS Z e LE(y(f) = v(F(f) BABTHZ WS 2 ThH3B. T2 F(f) BHREMICH
b, IE (a) 25 f HIIFMET, ¥ 237 £ f BBAME KRS, XoTA(f) AL &30
5, na=7(f)oy(w) t dMAEIL2E. L7h>TLF ARG ZHEFEMETS 3. O
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3 Cofibrantly generated €7 JLE

Z 2T, ROWERSHZRDOETIVETH % cofibrantly generated 2 E T /VEZH S . FEIE
WHN 2 ETNVEDZ X cofibrantly generated TH 5. KELZFHEE L TETVEOHEEHE
BEIEL, ETNVETH 2 Z e ZilHT 2000 LEiHICR 5. FI2 [MP12] Z2F 1T L.

3.1 Weakly saturated class
DURE, NEFPRCREBUINERFBIfR 2 5 & R LTHRICEZ LS

E& 3.1. REMEBEC LIEFH N Z2EZX 5. C 2B 2 A5 (A-sequence) &%, BF
X: A= CThoT, EEDMRIEFE 5 < MOV THFEIN B colimy<p X (o) — X B3
FARTHEEEZR NS,

& 3.2. RENZEC DFHDZ 72 M HBBREKETH LS (closed under transfinite com-
position) &1, EEDIEFE N & A X: X - CIZX LT, 0 TRVE a € AN ITDOWTH
X(a) = X(a+1) B MIZET 272013, BAZS X(0) — colimyer X(a) dFER M IZET
LLrERVD

ZorE, BARZY X(0) = colimyer X(«) & X OBBREK (transfinite composition) &
W,

E& 3.3. REMLEC DHDY 72 M »8EEMY 5 R (weakly saturated class) TH 2 L 13
RGN HITLERZND !

1
2
3

(1) M xRS ZZT.
(

(

(4

(

(

M 1% pushout TEAL 5.
MIIERTET 5.
MIFHERERTET 5.
M iﬁ?ﬁfﬁﬁbé

I retract TEAL %.

5
6

— — ~— ~— — —

D752 S Cmor(C) AL, S%ZELHRID weakly saturated class & S DFFEIFL (weak
saturation) £ W\, S ¥ EL,

AE 3.4. FFE 3.3 THBUITLEMIZ, BIRoREM DL, RO 3.5 TRT X1,

e (1) & (3)1&, (4) ODFHIBRGETHD
e (5)1F, (2) & (4) 2BHES

—_
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bbb DT, weakly saturated class TH2Z &2 R 2121E (2) & (4) & (6) D&M=
BITUT T TH 5.

el 3.5. REHREC DFt D7 52 MITOWT,

(i) M DERERTHL 272 561X, M ZRAESZEA, G THAL %.
(il) M 23 pushout L BRERTHL 272 561F, REZINLRETHEAL 5.

Proof. (i) FIZUHI N\ =0 OLEOEBREKE LTEES 2, NCBEHEOGHID X =2 0585
DHERERTH 2 Z e Hhohit>.
(ii) [Hir03, Prop. 10.2.7]. O

BOFHNI R ERSND.

E&R 3.6. Tl E C O D7 7 AN HEFREMT 5 X (weakly cosaturated class) TH 3 &
X, N°P 23 C°P @ weakly saturated calss THD & ZXZ2 WS, TROLERDFEN AT X
AR I

1) NV ZR%GZ &

2) N i pullback TEAL 5.

3) N IZAKTHL 2.

4) N BERRER GERERDORICM) THT 5.
5) N TR 3.

6) N & retract TEAL %.

(
(
(
(
(
(

Bl 3.7. £EDE Set ITHBWT, R BAEDZRT 7 7 A& weakly saturated T, T4 {2 — 1}
D weak saturation TH 5. FHHRAEDZRT 7 5 X b weakly saturated T, 24T {0 — 1}
D weak saturation TH 5.

i 3.8. ECOFDIIFA MIZXLT, LLP(M) X weakly saturated T 5. AXHIIC
RLP(M) 1% weakly cosaturated Td 5.

Proof. LLP(M) %% weakly saturated T®» 2 Z &2 R$. i 1.11, 1.12, 1.13, 1.14 iIZB W
T, LLP(M) 239G & & L pushout & retract TEAL 2 Z 2 d 3 TlamlLi. FAEFEZEDLZ
EHHLPTHS. Lo TLLP(M) BEREMRTHL 2 Z 2 2Rl L0, ZhyBFZITRE
5. O
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3.2 The small object argument

BzonEBPETVETH S Z L 2T, &b WHERERD I Factorization DN (MC4)
DEITHS. ROFEHZX, BRWSRAD T THMEATREMEZRAES 5. [Rez22, §16) Z25& 1T L7

EI 3.9 (The small object argument). RIEMAE C DHFOES S ITOWT, Thbh (REHA
HIZIAR 2D 252 BT T2, ZOLXEREDH f: X > Y I, S D weak saturation
Sobtj: X - E 2 RLP(S) D% p: E Y 2HWVWT f=poj tNfRT 2. XHIZD5NR
BT RIS 5.

x 1 5y

N

E.

RIEMHZEC L ZOHOEE S 2EM 3.9 O GEAFICAR2)H 2564 %2 AT L %, smal
object argument BB D ILD (admit the small object argument) EWMERZ 22T 5.

Proof. IOHEE S %, S={s;: A; = Bilict DXIWZHEAB [ THRAFOITET.
(Step 1): ¥4 f: X - Y I LT, 5@

x 1 4y

NS
Lf

BLUTOESICLTHElRTE2. 3

Sil lf, s;, €8

LW oK E2RDES
[S, f]1 =A{(si,u,v) | s, €S, fou=vos;}

BEZD. ZOrE (S, fl BT AAMHKRIChz o T Ay, B; OREE L % Z & TA[#X

H(si,u,v) AZ = X

LI Szl lf
B; ——Y
H(si,u,v) (v)
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DFHEEIND. ZDLE (u),][]si D pushout 2 Ef &3HUL

H(si,u,v) A; &) X

o

H(si,u,v) BZ Ef

RS
\3
(v) Y

YRABGRf:Ef Y BFEETS. Lf: X — Ef #EENRH s, fid f=RfolLf
DRI B, ZZTHED»S Lf € STHZZIKHEETS (LA L—ICE Rf ¢ RLP(S) T
»%).
(Step 2): (Step 1) Df#R%E Rf 2t L CGHISTAUS, Rf = R(Rf)o L(Rf) &2 fEpE5h
5. INERERIFMIICEDIET Z2ickoT, 4t

HEohsd. TROBIEFE alZo>WT

ea=10r%, E'f=Ef, R\f=Rf, L'f=Lf 275%.

o BEEIEFR o + 11T L T, Bt f = E(R*f), R*t'f = R(R®f): E“t'f Y,
Lot f = L(R*f)o L®f: X — E°Tlf ¥ 5.

o MIFRIEREEL B 1Icxt LT, EPf = colimyep EVf, RPf: EPf =Y ZRMRICK > T RYf
bhoipEahsgt, LPf: X - EPf #iEHENRE e 3 5.

DL ERIEFE aiZOWT, fIXf=RYfoLf ¥ fAT2. ZZTHELS LYfcSTH
2ZLICHERETS (L2L—fCZ RO f ¢ RLP(S) TH 5).

(Step 3): BLBH 2 a lBWT Rf € RLP(S) 2O 1 TE, j=Lof,p=Rofr33Z%
THFEENEOLND., LSBT LDISRDIEIEFRORN. ZZTROFMEEZ LS.

. R AT TIEFE £ BFET S !

o [TED (s;: A; — B;) € S LATEDH A; — EXfITHLT, 5 a < k BEELT,
A= EFf 8 EOf — Eff #RHUTHRT 5.

CO&MHRRELELE, ROf € RLP(S) ¥ 53 2L 2me 5. S 08t s;: A; — By #ATEICIN
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b, AR

1 e

BEZD. KD u Ay 5 EffIE, B a<k BPEFEELT

A = BOf —3 BXf

si \R"‘f JR”f
() R
B; Y

EfRT S, ZDEE (x) DEIE[S, R f] 2B T AR 2025, (Step 1) TORE D
5 A5

U

)
|
s{ 1h¢ - LR

Bi ’ H(si,u,v) Bl Ea+1f

R f

PROND. G B — [, 40 Bi = BT f 2 va ERERE,

Py

L(R"‘f)l /

Si Ea—i—l f RN f

Vo ~
///z RoFf
>

B; Y

v

DAL 2D, U7 By 2 ot f 5 BRf BFEIET 228 hbh b, KoT RV I1F s il
THY 7 MERFES, Rf € RLP(S) THZ I eMES. LidioTj=L"fp=Rfr¥53
ZE TCEHEIELNS.

GHROBITFM): (Step 1) Ok f o (X 2L Bf 2L v) T TH 2 2 L2 s, SR
Fo (X 2L poy B0 vy ¢ IF0TH S 2 L hSbb 3. 0

% 3.10. REMLE C t 20 DES S 12Xt L T small object argument 235K D 7D & X
S = LLP(RLP(S)) 23 b 37>. Fi< RLP(S) = RLP(S) ¥ % 3.

Proof. i 3.8 X b LLP(RLP(S)) I& weakly saturated TH %55, S C LLP(RLP(S)) 235>
5. LLP(RLP(S)) Off f: X Y #M5B L %, EM 39 kD S0 j: X - E £ RLP(S) @
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B p: E—-Y ZHWT f=poj 3%, T2 1.10 XD flXj D retract &b, S
M retract TEL 2205 feS i3,

$:12 RLP(S) = RLP(LLP(RLP(S))) = RLP(S) & %2 3. 0

3.3 Cofibrantly generated model category

€D &5 BT HHUL small object argument (EHE 3.9) HWFHTZ 20 2EZ LS. ZD—D
73 cofibrantly generated % E7VETH 5. [MP12, Ch. 15| 25&IC L 7.
3 CW BIKDER % — Mk L 7= relative cell complex Z#E A3 5.

EE 3.11. REMLEC OF DI 5 X T 120 LT, B -k \-4&1& (relative T-cell A-
complex) 1%, T O ORED pushout DBREAKE LTRELZHFDZ x2S, TROBE,
CIzBIF 3 Asequence X: A — C DEREK X — colimger Xo TH o T, SERHNEFE
a+1<ANZBVTH X, = Xop1 DI WZET2HOME {s;: A; = Bi}ics, & pushout

Hiesa A Xa

ol

HiGSa B; Xatr

WKRHROTVWEEIRDBODIEZVS. BRIRAFER So BD—TLEAETHD, T OH D pushout
DEREW & UTRE 2 M0 Z-fafh AR, B (simple) TH2 WD,

Rz Z-Rfk w-BRD 2 & %2, FIBEX Z-BEER (sequential relative Z-cell complex)
Vs, ZITw 3R NOERIEFEZERT.

HI TR T B 3 5 2k D5 2 5 2% Cell(T) L <.

AR 3.12. FTOEE S LIEFE £ 1L T, EH 3.9 @ small object argument TiEERRIFHAHY
WZHERR L 7251 D3|

N 2 N 3 S o o S e N K
X 5 Bf —p B2y BT —— Eof — s EF f

WEF 3.11 D% AT k-sequence 72005, Z DR E I relative S-cell k-complex T
H5.

EE 3.13. EF 3.111& [MP12, Def. 15.1.1] 12k 2 dDTH 5. FHiid [Hov99, Def. 2.1.9] %
[Hir03, Def. 10.5.8] ® X 5 i< simple 72 b D % relative cell complex L FERZ 2 3% W, Z 2T
\% small object argument & OBEI DI DR T VWL I LD XS ITER L. FEEIIET
N T relative cell complex 1%, simple 2b D ¥ LTHE S ([Hov99, Lem. 2.1.13)).

50



R 3.14. 58w E C DFt D7 5 2 T 1T LT,

(i) Cell(Z) C LLP(RLP(Z)) A3 b 17D.
(i) Cell(Z) \FHERERTAL 5.

Proof. (i) Z C LLP(RLP(Z)) T®» 5 Z k¥, @@ 3.8 &b LLP(RLP(Z)) 2R & pushout &
HERAE T %2 Z 255, relative Z-cell complex DERICE D b2 5.
(ii) [Hov99, Lem. 2.1.12] O

EE 3.15. RITHRECODHFD I IR T L BBk 2EZ 5. MR A € CH k-small with respect
to Cell(Z) TH 2 kX, (EEDIEFE N > k & relative Z-cell A-complex f: Xy — colimgyey Xo
WXL T, FEINLEH

p: colim,ex Home (A, X)) — Home (A, colimaey Xa)

DEHEHTHD L EZ2 VD,
MR A eC 2 Cell(Z) IZBILT k-small 1IZ7225 £ 5 R EE v DIFET % & =, Al small with
respect to Cell(Z) &\ 5.

MRE 3.16. RITHLE C OFHOEE SITH LT, ST 2EEDH O domain 2% small with
respect to Cell(S) TH5 T 5. ZDr X, SIZDOWT small object argument 23X H 32D,

Proof. SIZEBTHE00, TORELRHE  ZWME 212K o T S IHET 2EREDH D domain
73 k-small with respect to Cell(S) TH2 & LTIV, T2t SIKETHEEDIH s;: A; — B;
CAEE D relative Z-cell k-complex f: X — colimaex Xo WX LT, FEXNZEBR

p: colim,e, Home (A, X)) — Home (A, colimyey Xo)

BEHHTHD., 2O ZEM 3.9 ® small object argument T IRIFMINICHEEK L 72 k-

sequence

\ 2 \ 3 I (64 N . \ K

X — Ef LRf,EfLRQf,Ef ; E~f ; y BEff
W U TEIG ST UL, p ORI Ko TS HEH 3.9 @ GEAHIZHENRT) D 262 AT 2 L
MBohs. O

% 3.17. REMLEC OHOEE SITHLT, SITHES Z2EEDH D domain 2% small with
respect to Cell(S) TH2 & 325. 2D =, LLP(RLP(I)) ®4ti& Cell(I) D4t D retract &
75,

Proof. 7EM 3.9 OFEIIZ, EBRIIMEREDH % Cell(f) & RLP(I) OFHIZHEL TV, ko T
M 11012 &b, TXRTO LLP(RLP(I)) ®4H& Cell(I) DD retract 1272 5. O
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ZOmBICED, BT 24D domain 235X T small with respect to Cell(S) TH 2 & 5 725D
£E S I1TDWT, small object argument IZ X 25 DA FIREL 725, ZOMWHZRMALT, £
TOERESH OEEN SERSINTVE LS RETVEERD LS ITERT 5.

E& 3.18. (FTlid2) R7EMZET NVE C D cofibrantly generated TH 2 &%, HOESE
I,J C mor(C) DFEL T,

(1) I W2E3 2EEDH D domain & small with respect to Cell(I) T 3
(2) J T 2EEDH D domain i small with respect to Cell(J) TH 3
(3) Fib = RLP(J)

(4) Fibn W = RLP(I)

AT EERWVWD. ZDL X [ % generating cofibration DEE, J % generating acyclic
cofibration DEG LR, LOFZEHERA-EN D & Z41 (C,I,J) 25 cofibrantly generated % E
T LB (cofibrantly generated model category) TdH % & A,

8 3.19. Cofibrantly generated 72E7/VE (C,I,J) IZDWT, KA ILD.

(i) Cof = LLP(RLP(I))

(ii) FXTD cofibration &, relative I-cell complex @ retract T 2

(iii) I @ weak saturation i Cof 12 L\ : T = Cof

(iv) Cof N W = LLP(RLP(J))

(v) $XRTD acyclic cofibration i, relative J-cell complex @ retract T 2
(vi) J @ weak saturation (X Cof "N W IZFE L\ 1 J = Cof N W

Proof. (i): @@ 2.10 £ b Cof = LLP(Fib) = LLP(RLP([)) ¥ % 5%. (ii): % 3.17 & (i) £ b1
5. (iii): (1) &% 3.10, d L& (i) & IES.
(iv)-(vi) BRAKTH 2. O

| & 3.20. Cofibrantly generated %€ 7 VI (C, I, J) \ZEFHIEE RO,

Proof. 51O%EE 1,712 LT, EH 3.9 OBFNRSREE Z U L. O

COMETHRINIEFNTRE, ETLVERD LD LFo TV AR NI LD —HT 2
CIFR S .

—RICETVEME RS 5 2 L BRETH 20, ROEHIZZDAHEZ WL H2EEL TL
N3, FRCEZOEHEOIREEZATTERE 1,J 25 % ADIUFT, cofibrantly generated 72
FABTHS L RAHTZ L EL AL TH A, ZOFMOEEE [Hov9, Thin. 2.1.19)
k5.
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EIE 3.21. FEEh ORI E C, HOEE I, J, HEREZ2ELHOZSAW 2EZ2 5. 0D
L ERIIFETH 3.

(1) B C &, I % generating cofibration ®EH, J % generating acyclic cofibration DEH,
W Z5RfED 7 5 A & § % KX 5 7% cofibrantly generated 72E 7 /VEIZ2 5.
(2) KDDL
(a) WX (2-out-of-3) ZA7z L, retract TEHU %
(b) I2JE3 55D domain & small with respect to Cell(I) T» %
(¢) J BT 25D domain 1 small with respect to Cell(J) T»H %
(d) Cell(J) C LLP(RLP(I)) N W
() RLP(I) C RLP(J) N W
() LLP(RLP(I)) "W C LLP(RLP(J)) & L < {2 RLP(J) "W C RLP(I) W $h
DI D LD,

Proof. (1) = (2): (a), (b), (c) IZFAS . @ 3.14 L @8 3.19 X b, Cell(J) € LLP(RLP(J)) =
Cof NW = LLP(RLP(I))NW %2255 (d) Vx5, £/EFRLD RLP(I) = FibnW =
RLP(J)NW £%42DT (e) & (f) DI,

(2) = (1): &AL THOES [, J LT, Cof := LLP(RLP(I)), Fib:=RLP(J) &8
. ZoeEHor 7 20=H (W, Cof,Fib) VEF 2.1 AT I 2L T 5. E3IREL M
38 &b (MC1) ¥ (MC2) 3HLLTH 3.

R (MCA) iR L 720, RGE (d) &b Cell(J) C LLP(RLP(I))NW = Cof N W TH 373,
4 Cof NW i retract THAL 22°5% 3.17 &b J = LLP(RLP(J)) C Cof NW &% 3. ko,
J WZB83 % small object argument 12 & > THEEDOHHE Cof "W DT & Fib OFt DGR L T f#
TE3Zehbhb. £/, I CLLP(RLP(I)) 222, (e) &b RLP(I) C RLP(J)NW = FibnW
TH505, 11T % small object argument 12 & > TIEREDHHE Cof DEf & FibNW DD
HBRE L THRTEZZ e bbb,

migIc (MC3) 283 5. LLP(RLP(I)) N W C LLP(RLP(J)) Y 2 e {REL £ 5. 2
¥D Cof NW C LLP(Fib) TH D, ZOZe»H %3 Cof NW B Fib IZBILTEY 7 MMEZH
DZERbhL. KIHMEREZp e FibNW ZH5 L %, pai Cof KBLTHY 7 MEzH>, O
%D p € RLP(Cof) = RLP(I) TH 5 Z & Zm L7z, [IZEHTF % small object argument 12 X
D, pldicl=Cof ¥ g€ RLP(I) CRLP(J/)NW ZH\WTp=gqoi PR TE%. ZIT
P,gEW THEDT (a) D ieWTHD, ieCof NW RS, FrCildp AL TEY 7
M2Fih, LdioTHE 1.10 XD pld ¢ € RLP(I) D retract 12725225, p € RLP(I) 23bH 2>
%. RLP(J)NW C RLP(I) 25 b i D85 E b FAMRIC U TR TE 5. O

T TIZHH > T3 cofibrantly generated 72 €T /LEDEERFIH LT, 7 LVEREZEA
T IITbNI5.
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EIE 3.22. (C,I,J) % cofibrantly generated 72 € 7 V&, D % 5E1{H 2 D &R 58 i 7« &,
(FAG):C —» D%kt 3%. DOFOEE FI={F(u)|uel} ¥t FJ={F{)|veJ}
2o,

(o) FIWZJ&T 251D domain I small with respect to Cell(FI) TH %
(B) FJZJE3 25 ® domain & small with respect to Cell(F.J) T® 2
(7) G & relative FJ-cell complex % §5[AMHEIZ 5 D5

EAETETE. DORHOZISAW W ={g|Gg) e W} LEDS. DL =

(i) DX, W Z55[RfED 7 5 X, FI % generating cofibration D&, F.J % generating
acyclic cofibration DEH & L THD X 5 7% cofibrantly generated 7€ 7 /LB 5.
(i) X512, Btk (F 4 G) 1% Quillen Fiffic7#2 5.

Proof. (i) D2 5 2 W' 2 %E FI,FJ iZOWTER 321 OMENED LD Z L &R
5. £73 (a) IZ2WVWT, BAFIIEEN L G E retract ZIROZ e h 6, W BEENZ S A,
(2-out-of-3) & A7 L, retract THAL 2 Z &b 5. (b) & (¢) &, IRE (o) & (B) 2D Xk
¥CTH%. RLP(J) = FibNW = RLP(J) N\ W TH3 2 L ICiEET 2 &, i 250 & W
DEFIZED RLP(FI) = RLP(FJ)NW T®»2Zehbhrb, (e) & (f) bEDILD. £/
RLP(I) = FibnW C Fib = RLP(J) i ¥ 3 &, F O 2.50 12 & b RLP(FI) C RLP(FJ)
Bbhs. ko THE 314 X0 Cell(FJ) C LLP(RLP(F.J)) C LLP(RLP(FI)) % 3. K&
(v) 228 Cell(F.J) CW TH2DT, Cell(FJ) C LLP(RLP(FI)) N W' ¥ 7D (d) M 170,
(i) ZEblfE FI3RMBRZRDH 6, relative I-cell complex % relative FI-cell complex & 5
DF. Flidretract RO 5, @i 3.1912& D F 23 cofibration RO Z & 23b» 5. [FEERIC
acyclic cofibration ZfROZ &b b0 5. O

& 3.23. (C,I,J) % cofibrantly generated % E 7V, D ZE7LE, (F1G):C—>D%
bEfEr 352, Zor %,

(F 4 G) » Quillen fif¥ < FI C Cof(D) > FJ C Cof N W(D)

TH5.

Proof. (=) EZHH62. («): fli# 2.59 kb, F(LLP(RLP(I))) C LLP(RLP(FI)) TH2 Z &
WRTE 3. 4 FI C Cof(D) 7% 5 LLP(RLP(FI)) C LLP(RLP(Cof(D))) = Cof(D) £ 7% 3.
Cof(C) = LLP(RLP(I)) I3 4Ug, F(Cof(C)) = F(LLP(RLP(I))) C LLP(RLP(FI)) TH
% Z bbb, Fl&cofibration D, [FERIZL T F A% acyclic cofibration Z{RD Z & & bHh»
b, BELE (F 4 G) 13 Quillen BEFETH 3. O
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3.4 Combinatorial model category

[Lur09, §A.2.6]
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4 EFIEHE
41 ETFIEEEFEE
$97RER T W2 E T VEREEDRER F W BN T 5. FIT [Rie09] 2BE I L.

& 4.1. BCoHftDr 72 LR DM (L, R) 2§85 (weak factorization system) TdH %
>

o B COEEDS f1x, RO r & LOKERHVT f=rol ¥
o £L=LLP(R) %> R = RLP(L) 2% 37>

AT ERWVD.

(L, R) BERRFZTH % & %, fid 3.8 & D L 1% weakly saturated T, R I& weakly cosaturated
TH5.

RD X512, small object argument 135 2 5NTHOEEDL LB/ HRRZG2FHEIL LA
ZENTES.

i 4.2. REMREC £ ZDHDES S I LT small object argument 23 D 7D ¥ ¥,
(S,RLP(S)) AR TH 3.

Proof. ¥ 3.9 % 3.10 KOS, O
ETNLVEDOERIE, ROXIICHDEREHNTRIET 2 ZEARETDH 5.

EI 4.3. R OBERREME C D& D27 5 2 W, Cof, Fib IZR LT, XIZFEET
»HbB.

(i) #L (W, Cof,Fib) 23 C LOEFVEMERED 3.
(i) #1 W, Cof, Fib) X% A7=7F .

(a) W id (2-out-of-3) A7 7.

(b) (Cof N W, Fib) & (Cof, Fib N W) I35 AR TH 3.

Proof. (i) = (ii): (MC1) & D WX (2-out-of-3) Z A7 L, (MC4) &amd 2.10 £ b (CofNW, Fib)
v (Cof, Fib N W) 385 RATH 5.

(i) = (i) () &b (MC1), (b) &b (MC3) & (MC4) 12B 5%, Cof, Cof \W, Fib, FibnW
i retract TEAL 228 ® (b) Lad 1.14 K hbrd.

L7zh35 T W b retract TRAU 2 Z & ZRBiX kW, Gt f € mor(C) 25w € W D retract TH

o6



%, $7bB RN

idp

PIEET 5L T 5.
Z¥ feFib THEHEEEZS. (Cof N W,TFib) BFMRRTH S Zeh b, wickiLT

X 25y

N/

DAL I u e Cof NW & v € Fib BFIET 5. w,au e WEDPS (a) D v eFibNnW ki
5. s==uoa YBE, udf THHIroBEONEV I Ve t: Z - AT 5E, A[#xK

A
B
PELNE., ZOr X fldveFibNW D retract £ 255056 feFibNW, R feW TH3

ZeHbhB
KIc— DG I LTER %, (Cof N W, Fib) BRAMMRRATH S e h b, fIIHtLT

ALB
N /i
C

WA 85 ge Cof NW & h € Fib BfFET 5. a & g D pushout # D &35 L, FH@MEic
LoT

s

££
m

LN
£

.

o
QT:B

VAN

=
—

=
—

>

<<
%

[ L]



2% dDEEENS. ge Cof NW =LLP(Fib) &b c€ Cof N\W TH Y, XoTw,ce WT
BBDS (a) XD deWHbhs. —iT

2By kAU, WEMICE-T

DAL 72206, heFibldd e W D retract £725%. KXo THIFDFEmEID he W TH3Z
Ehbnsb. ge Cof NW TH206, (a) KD f=hogeW»Bbihrs. O

42 ETIEBEO—E

R 2.1412BVT, ETNENCA - TV S ETIVEREIZTFEE - cofibration - fibration DWW 3
NPZORLLNIIETEL Z 2/ . ROGHEICE-> T, IHRADBRVERISET S Z
YHTES.

78 4.4 ([Joy08, Prop. E.1.10], [Joy, ). BRZEMH»OERRTEMH L E C
Lo FILERGEIX, cofibration D2 Z A ¥ fibrant MRD 7 7 A6 —EITRESINS. Tk
b C LD o0EFLEME (W, Cof, Fib), (W, Cof!,Fib') 23% % & %, Cof — Cof’ 75
Cr=Ci BB, W=W %2 Fib = Fib/ D 0. TITCp Cfkehehe 7 A Bl
(W, Cof, Fib), (W', Cof’, Fib") 123 % fibrant 2RO KT C OFHRIEZ R T .

RPN, BIRTE R OBRRTEM /2 E C DT 7 VEREZ, fibration D2 Z A ¥ cofibrant
WRDZ 7 A0 5 —BICHESINS.

Proof. 7 Cof = Cof TH%» 5, FibNnW =W NFib' THH, ZhzhoE 7 LEREICE
9 % cofibrant SRD 7 7 AF—HLTWV5.

M 210 XD, W=W »REh{UL Fib = Fib' Th2 2 dbhd. E-HE 237 &b
cofibrant resolution ZE > THE Z4UX, WNC. =W NC. TH3 ZMWRINIUEW =W T
HdZrbbrd. SEC.=C. ThHdILITFET 5.

o8


https://ncatlab.org/joyalscatlab/show/Model+categories

4 f: A — B T A,B € C » cofibrant MR TH 2 LH5%2dDEEZS. £33 ETNEME
(W, Cof,Fib) TE%3 5. 55FME W BT 2Rtz v: C > HoC 5%, i 2.44 XD

FEWTHE < (f) & HoC OREHTH 3
D D, KHOFEIZE D (f) 23 HoC ORIEESTH 5 Z L IZHREH
— O V(f) HOHlHoc(B, —) — HomHoc(A, —)

DHARRBTH S Z e L AMETH 3. R HoC DIEE DR IZ cofibrant 72D fibrant 7205 &
FRCTH 305

v(f) 1% HoC o[FZ!4t
= EED X € Cop I LT —o7(f): Hompoe(B, X) — Hompoc (A, X) 132 HST

Y75, B 242 £ D Hompec(A, X) = 71(RA, X) TH5H 5, Zhi
FED X € Cof LT —o Rf: m(RB, X) — n(RA, X) ¥4
YWH e ThB. ZITRfORETRE fedae, T

A%B

TA\[Z TB\{Z

RA - RB

ZAMHICT 24 THSH. TH KD cofibrant 5D fibrant Z2XfR X € Cop 120 U TAHAN

(A, X) L 2B, X)

—OT‘AT T_OTB

W(RA, X) (W W(RB, X)

HRONS. M#E 2.30 XD EHOMDOIIEHEHTH 205, ETOFHORBEGEZFETH 5.
PlE&D

JeEW = FED X € Cyp LT —o f: (B, X) = m(A, X) 3G
ThdZerbhrd. FARCETVEMSE W, Cof  Fib') Tz +ud
JEW = FEEDX €CyllMLT —of:a'(B,X) = 7' (4, X) I Z2H5

¥i%. Ll (A X)=7A X)THD, left homotopy L DEHITIIH R (Cof, FibNnW)
LB TV E b, 1A, X) = 7(A,X) THB L Hbhb. LENTWAC, =
W NC. DRt O
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EE 4.5, FroHdl, EFLEEBIROT—Xhb—HICREINSD

e S5[FfE & cofibration.

e 55[FAfEE fibration.

e cofibration & fibration.

e acyclic cofibration & acyclic fibration.
e cofibration ¥ fibrant ¥t5R.

e fibration & cofibrant ¥f5.
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5 ETIEDH

ETNVEIF—RDENCBWTHRE N —Z(TIDOMHATHS. LrL, FLETHAS
EFLVERE I B TR, e 2, il 2.7 TRZX 512, 5HEME%R RS, cofibration &
fibration Z T XTOH e L TEIL, CAREDETVEICKZ (AFRE T VEMEE). EER
DIF, VT WRAICEDE THEYIRETVEMEZROF2 2 TH5. ZLTLELIE, 20
e H—FH L.

AETEETNVEOHIZHENT 5. [Bal2l] % [BFEDK, JIZBWTHZL D
BIDFAN TN TV B DTSRI N0,

N

Bl 5.1. KIFETNLVETDH 5.

(i) fAHZER DR Top FITIERD X 5 REF VEMENFET 5. 4%z Top LD Quillen
ETNVERME LY, ZOETNEZ Topguien £ B 2T 5.
o [FEMEZYYHRE P —[FMEGHR (R —HORMEZFET2)
e 7747V —ar%k Serre 774 7L —Ya v
e a7 7 A7 L= a e NEEFOUSHDOL FF 2 b
Z DE T IVIEZ cofibrantly generated T 5.
(i) fuHHZ2EDOE Top LIZIEFRD K5 RETNVEMENFET 5. TH% Top LD Strom
ETNVERE LT, ZOETVEE Topgig, 25 I LICT 5.
o F3[AIE%E K E b ¥ —[FMEE G
e 774 7L —>ar% Hurewicz 7 74 7L —>a v
e 177 A7 L —=arviEfarvsA 7L —ay
ZDET VBBV T TR TONMHEZEMIZ fibrant 72D cofibrant TH 3.
(iii) HIRMESG OB sSet FICERD XS RETFNVEMENFEET 2. 2% sSet LD
Kan-Quillen & 7 /VERE & FEL, ZDETNVEE sSetian £ EL 22T 5.
o S[FEIMEZRMENFEHZ & o TKRE M —[FEER
e 77 AL —Yarvik Kan 774 7L —>av
o IV 7 AT L= a VEZRRITTHY L 255
ZDETNEIZBWT IR TOHEKRNES X cofibrant TH D, fibrant ZITRIEH & 5
¥ Kan BIFIC—ET 2. ZoETIVEIR

I ={0A" - A" |n>0}, J={A—>A"|n>0,0<i<n}

% Z 24 generating cofibration DA, generating acyclic cofibration DEF L T %
X 572 cofibrantly generated 72E 7 VEIZR 5.

(iv) BRSSO sSet FICIZRD X 5 R ETNVERGENEIET 5. Tk sSet LD Joyal
ETOVEME L WY, ZOETNVEE sSetjoya EHL LT 5.
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http://eldesh.yukishigure.com/model%20category/example/indexmenu.html

(vii)

e 55[F{E% categorical equivalence

o 774 7L —a % categorical fibration

e A7 74T L= a viHG
ZDETIIENIZBOWTIRTOHEIKRNESIT cofibrant TH D, fibrant ZZXFRIES & 5
¥ quasi-category IZ—H3 5. ZODETILEIZ

[:={0A" < A" | n > 0},

% generating cofibration DG ¥ § % X 5 7% cofibrantly generated 72€ 7 /LT 5.
generating acyclic cofibration DG DIHRINRZRIZF S TWZRW.
RZz7ux=vREL Lt X, RINBEDOE Mod(R) L2k, XD X5 %€ T VEME
PFEET 5. ZOETNEE Mod(R)pron, £EHL Z2ICT 5.

o 55[FAlfE % ZE [FMEE 4

o 77 AT L —ariaht

e a7 74T L —va viHiff
AR k EoMBEOEARDE Ch(k) Ri2iX, RO LS RETFTNVERENFET S. Zh
% Ch(k) LOSHEZHIE T VERE LIPS, ZOETVEZ Ch(k)po; £HL ZEIZTS.

o FHREMEZHEFAMESR (ReEnY —HoORMEFET 2)

e 774 7L —arviaht

e 27747 L —ay% cofibrant 72 R % £ BT
ZDETIVEIZ

I={S} < Dp|necZ}, J={0—D}|necZ}

% Z 2 generating cofibration DEEE, generating acyclic cofibration DES L 35
& 9572 cofibrantly generated 72 ETNVEICKR 5. X HITRDALD LD,
(a) Fib = RLP(J) = Surj
(b) FibNW = RLP(I) = Surj N Qism
(¢) Cof = LLP(RLP(I)) = LLP(Surj) = {cofibrant 72 &% Fo 4t }
(d) Cof NW = LLP(RLP(J)) = LLP(Surj N Qism) = { SN2 RIZZFOHL }
(e) TRTOEMKIZ fibrant TH 5.
() #IED cofibrant 72 51X, EIRDOZIEIIS MBI 5.
(g) BUPHEHNTHZ Lk, cofibrant 2> acyclic TH 2 Z L IXFETH 3.
AERALE [ 21) 2B Z k.
AR k EOMBEOBEARDE Ch(k) 2, RO LS RETNVEEENFETS. 0
% Ch(k) Lo ASHIE T VERE LIPS, ZOETVEZ Ch(k)iy £HL ZLIZT 5.
o FHRAMEZHEAMEBR (REny—HoMAEZAET )
o 7747V —ar% fibrant %% RO RS
e AT ATV — a v
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Bl 5.2. HARRES ORMENERZ1T % BF Goem B X MHZEH OR Rk 215 2 F
Sing D7 §fEfE Goem - Sing 1%, sSet ® Kan-Quillen € 7 /LEHE & Top £D Quillen €
TOVERE ¥ OO Quillen [F/fE

Goem : sSetkan = Topquilten : Sing

25Z2%.

Bl 5.3. RIFEFNVETH 3.

(i) /MEDE Cat Fi2iE, RO LS REFNVEMENFET 5. Th%z Cat LD canonical
ETNVEME LTS, ZOETLVEZ Catean £HL 28T 5.
o 55[FIfiE % & [F i
e 774 7L —3 3% isofibration
o AT ATV —ayENRETHES L2 5T
Z DETFIVIENZ cofibrantly generated TH D, T XTI cofibrant 72D fibrant TH
%. Cat FoEFVEMGECEFREZSIFEEL 32 b DIE I D canonical € 7 /VEREEIC
Rz ZepHohTnd.
(ii) AI4IR & o dg /NEDE dgCat), FiTiE, XD & 5 72E TIVEREIFEET 5.
o 55[E{EZ #EFME (quasi-fully faithful 2D quasi-essentially surjective)
e 774 7L — 3 Y% quasi-fibration (locally fibration %> isofibration)
Z DE T IVIEIZ cofibrantly generated TH D, FTXTD dg B fibrant TH 5.

(iil) HAR/NEOE Cata LICIE, RO XS RETIVERBESFEET 5. 2% Cata LD

Bergner E 7 VERE L IFL, ZDETIVE%R Cata Bergner £ 2 EITT 5.

o 55[FlfEi% Dwyer-Kan [F{H

e 77471 —ar% quasi-fibration (locally fibration %> isofibration)
Z DETIVENX cofibrantly generated TH D, fibrant M5IE5 x 5 ¥ Hom HHED Kan
BARIZIZ > TV 2 BARINETH 5.

(iv) Xh—ic, RBOWE/AXLVETLEY LOEEEDE V-Cat Li2iE, RDXSKRET
NEREENTFET 5. Zhxk V-Cat LD Bergner € 7LVEME L MY, ZOETILVER
V-Catpergner LTS T EICT 3.

e 55[AfEZ Dwyer-Kan [FIfH
e 774 7L — 3 r% quasi-fibration (locally fibration > isofibration)

5l 5.4. FARRYEE S D rigidification 215 2 BITF € B X CHIRHIE D homotopy coherent nerve
2135 BF Npe DRTBEME € A Ny &, sSet LD Joyal €7 /LEME © Cata £ D Bergner £
FTOLEREE ¥ DD Quillen [FE

¢: SSGtJoyal = CatA,Bergner : Nhe
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®52%.
Bl 5.5. £EDME Set LOEFAEMIER, XRONOIKRS5N5 ([BA]).

(i
(ii

) (W, Cof, Fib) = (

) (W, Cof,Fib) = (

) (W, Cof, Fib) = (
) (W, Cof, Fib) = (any, any_.4 U {idg}, bij U injy)

(v) (W, Cof, Fib) = (any, inj, surj)
i) ( )= (
) (W )= (
) ( )= (
x) ( )= (

any, bij, any)
any, surj, inj)
(iii any, inj_y U {idg }, surj U injy)

(iv

(vi) (W, Cof, Fib) = (any, any, bij)
(vii) (W, Cof,Fib) = (any_ U {idg}, inj, surj U inj,)
(viii) (W, Cof, Fib) = (any_4 U {idg}, any, bij U injy)

(ix) (W, Cof, Fib

bij, any, any)
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